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Abstract
Clarifying the locality properties of higher-spin gravity is a pressing task, but no-
toriously difficult due to the absence of a weakly-coupled flat regime. The simplest
non-trivial case where this question can be addressed is the quartic self-interaction
of the AdS scalar field present in the higher-spin multiplet. We investigate this issue
in the context of the holographic duality between the minimal bosonic higher-spin
theory on AdS4 and the free O (N) vector model in three dimensions. In particular,
we determine the exact explicit form of the derivative expansion of the bulk scalar
quartic vertex. The quartic vertex is obtained from the field theory four-point func-
tion of the operator dual to the bulk scalar, by making use of our previous results
for the Witten diagrams of higher-spin exchanges. This is facilitated by establishing
the conformal block expansions of both the boundary four-point function and the
dual bulk Witten diagram amplitudes. We show that the vertex we find satisfies a
generalised notion of locality.
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1 Introduction
Despite significant progress in understanding the structure of higher-spin gravity theories dur-
ing the last decades, interactions of higher-spin gauge fields are not fully understood. The
standard approach to address higher-spin interactions is to use the Noether procedure, which
amounts to a perturbative reconstruction of interactions in a way such that they are compatible
with higher-spin gauge transformations, the latter of which may also be deformed [1]. There
is a vast literature on cubic interactions, see e.g. [2–26], which in particular gives a complete
classification of local cubic interactions in any dimensions [10]. However, this procedure meets
essential technical difficulties at the quadratic order in a coupling constant, the order at which
one extracts quartic vertices. The first source of complication is that the number of possible
candidates for a vertex grows considerably with the order of a vertex, even if the spin of the
external fields is fixed. For example, there is only one cubic vertex for scalar fields that is
non-trivial on the free mass-shell, while the number of independent non-trivial on-free-shell
quartic vertices is infinite. As we shall demonstrate, these can be parametrised by two integer
parameters taking an infinite set of values. Another issue that complicates the Noether proce-
dure for quartic vertices, is that at this order the consistency condition becomes non-linear in
deformations. In particular, this implies that the general solution for a quartic vertex cannot
be constructed as a linear combination of quartic vertices involving fields with fixed spins, as
is the case for cubic interactions. Instead, such vertices should be considered all together. One
of the consequences of this analysis is that higher-spin interactions cannot be consistently de-
formed to a quartic level unless one includes an infinite tower of fields with unbounded spin.
This spectacular property was expected since the formulation of the higher-spin interaction
problem [27] and comes from the structure of the higher-spin algebra, which is to large extent
unique [28, 29]. This complicates the problem even further. Quartic vertices in higher-spin
theory have been studied in [22, 30–35], and some of these results indicate that local solutions
of the consistency conditions in flat space at this order are problematic.
Let us emphasise that locality of interactions is in essence the main constraint of the Noether
3
procedure. In particular, it has been shown that in relaxing the condition of locality any cubic
vertex, consistent till cubic order, can always be completed consistently to all orders [36]. On
the other hand, as the analysis of cubic vertices indicates [10], the minimal number of derivatives
in a consistent vertex grows with the spin of fields forming the vertex. Together with the fact
that higher-spin interactions require fields of arbitrarily high spin, this implies that higher-spin
interactions are already non-local at the cubic level. In turn, these cubic vertices contribute
to the consistency condition for quartic ones. The standard expectation is that non-localities
should be present even in quartic interactions of lower-spin fields within higher-spin theories.
To summarise, the Noether procedure without locality admits infinitely many solutions, while
enforcing locality does not seem to admit any solutions at all.
In the discussion so far, locality was understood in a strong sense: That is, requiring a
finite number of derivatives in the action. A natural way to reconcile locality and the Noether
procedure for higher-spin interactions could be to extend the definition of locality in such a
way that it allows terms with infinitely many derivatives in the action. At the same time, this
weaker definition of locality should rule out vertices that give rise to clearly non-local behaviour
in the theory. It is reasonable to expect that if the coefficients in the derivative expansions of
vertices decrease fast enough with the number of derivatives, then such a theory is physically
indistinguishable from a local one even if the number of derivatives in the action is infinite.
More precisely, one can call a vertex local if its scattering amplitude is analytic. In this paper
we give some supporting arguments for the extension of this definition to anti-de Sitter (AdS)
spacetime. For a recent discussion on the locality of field redefinitions in higher-spin theory
see [37].
Instead of solving the Noether procedure, an alternative approach to the higher-spin in-
teraction problem is to use AdS/CFT to extract bulk interactions from the conjectured dual
boundary conformal field theory (CFT). A decade ago, it was conjectured [38,39] that unbroken
Vasiliev’s higher-spin theory [40–42] is dual to the free O(N) vector model. This duality has
been verified at tree level for 3-point Witten diagrams in AdS4 [43–45] (see also [46, 47] for an
early test), and at the level of one-loop vacuum energy [48–51]. Moreover, all n-point func-
tions of the free CFT3 have been identified with suitable invariants in Vasiliev’s theory [52–55].
Beyond these checks, it remains an open question whether or not it is Vasiliev’s theory in par-
ticular that is the bulk higher-spin dual of the O (N) vector model. In any case, one can use
holography as a constructive approach to define an interacting higher-spin gravity theory in
AdS. Since the dual conformal field theory is free, all boundary correlators are calculable. By
equating these to the associated Witten diagrams in the bulk, in principle one can extract in-
teractions of the bulk theory order by order.1 It is the goal of this paper to uncover the quartic
vertex involving scalar fields of the bulk higher-spin theory in this manner, and to study its
locality properties.
Although extracting just the quartic self-interaction of the scalar in higher-spin theory
1Another approach taken in the literature is to use the holographic RG flow [56] (see also [57]). While the
holographic duality is manifest by construction in these works, the structure of the bulk higher-spin interactions
and their locality properties remain to be clarified. For another approach to studying the latter issue, see
e.g. [58].
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does not fully address the question of quartic higher-spin interactions, the resulting vertex can
already be used to probe such issues as locality in higher-spin theories. It can also be employed
to test the higher-spin AdS/CFT conjecture at the more non-trivial level of four-point functions,
by checking whether or not the vertex we reconstruct holographically matches the one obtained
from Vasiliev’s equations. To do so, what remains is to extract the quartic vertex of scalar
fields in Vasiliev’s theory. So far only the cubic interactions have been extracted in explicit
form from Vasiliev’s equations [43,44,47,59–61].
Another interesting issue that we would like to address is bulk locality in AdS/CFT in
general. While bulk locality above the AdS length scale is to be expected [62–64], locality at
distances much smaller than this scale is more miraculous. Criteria for a CFT to have a local
bulk dual at the these scales have been proposed in [62, 65–67]. The higher-spin holographic
duality provides a convenient framework in which they can be investigated, for in this case both
the bulk and boundary theories are simple enough to make the necessary objects calculable.
Let us now explain in more detail the approach taken in this paper. We work in the context
of the type A minimal bosonic higher-spin theory on AdS4, whose spectrum consists of a parity
even scalar and an infinite tower of even spin gauge fields. With the appropriate boundary
conditions, this is conjectured to be dual, in the large N limit, to the singlet sector of the free
massless scalar O (N) vector model in three dimensions. The spectrum of single-trace operators
in the boundary theory consists of the scalar singlet
O = φaφa, (1.1)
of dimension ∆ = d− 2 = 1, and an infinite set of even spin singlet conserved currents
Ji1...is = φa∂(i1 ... ∂ is)φa + ... , s = 2, 4, 6, ... (1.2)
of dimension ∆s = d+ s−2 = s+ 1. The fields φa, where a = 1, 2, ..., N , are the free real scalar
fields in the fundamental representation of O(N). Under the duality, each spin-s conserved
current (1.2) is dual to a spin-s gauge field ϕµ1...µs in AdS4. The scalar singlet O is dual to
the bulk parity-even scalar, which we denote by ϕ0. The singlet sector also contains multi-
trace operators, which are dual to multi-particle states in the bulk. For example, double-trace
operators of the schematic form
O(2)n,i1...is (x) = n
(O (x) )∂(i1 ...∂ is)O (x) + ... (1.3)
are bi-linear in the single-trace scalar operatorO, with dimension ∆n,s = 2∆+2n+s = 2+2n+s.
These are dual to two-particle states of the scalar in AdS, and will be of relevance in the present
work.
Correlation functions of the singlet operators may be computed holographically via Witten
diagrams involving their dual fields in AdS4. It is this identification of boundary correlation
functions with bulk Witten diagrams that we use in this paper to probe the nature of quar-
tic interactions in higher-spin theory on AdS4: In general, the bulk tree-level computation of
four-point functions receives contributions from exchange Witten diagrams mediated by cubic
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interactions, and contact Witten diagrams generated by quartic interactions. While the quartic
interactions in higher-spin theory on AdS space are thus far unknown in the metric-like formu-
lation, with the knowledge of the bulk cubic action the exchange diagrams can be computed.
Further, when the boundary CFT is free, correlation functions are straightforward to compute
via Wick contractions without the need to resort to holographic methods. Therefore, together
with the results for the four-point exchange Witten diagrams, by employing the AdS/CFT cor-
respondence one should be able to infer the bulk quartic interactions that are responsible for
the remaining contact amplitudes. In this work we focus on the simplest case of establishing
the quartic vertex of the parity even scalar ϕ0 in this manner, and the relevant bulk Witten dia-
grams are displayed in figure 1. With the appropriate boundary conditions, the latter diagrams
comprise the holographic computation of the connected part of the scalar singlet operator O
in the free scalar O (N) vector model.
Figure 1: Four-point Witten diagrams contributing to the holographic computation of the con-
nected scalar singlet O four-point function. Diagrams (a), (b) and (c) are exchanges of massless
spin-s fields between two pairs of the real scalar ϕ0, in the s-, t- and u-channel respectively.
The contact diagram (d) is the amplitude associated to the quartic vertex V of ϕ0, which we
seek to establish by matching with the dual CFT result.
In identifying four-point correlation functions with Witten diagrams to extract bulk quartic
vertices, both quantities should be put on an equal footing to facilitate their comparison. An ef-
fective framework is to organise both bulk and boundary quantities according to the irreducible
SO (d+ 1, 1) representations of the intermediate states. In the bulk, this is the isometry group
of Euclidean AdSd+1, while on the boundary this is the d-dimensional Euclidean conformal
group. In conformal field theory, this is achieved using the operator product expansion (OPE),
which allows the decomposition of a given four-point function into conformal blocks. In a given
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channel, each conformal block G∆s,s represents the contribution to the four-point function of a
given primary field (+ all of its descendants) present in the OPE, transforming in the spin-s
and dimension ∆s representation of the conformal group. For a four-point function of identical
scalars O of dimension ∆, its conformal block expansion can be expressed in the following
contour-integral form [68] in the direct, i.e. (12)(34), channel
〈O (y1)O (y2)O (y3)O (y4)〉 = 1
(y212y
2
34)
∆
{
1 +
∑
s
∫ ∞
−∞
dν fs (ν)Gd
2
+iν,s
(u, v)
}
, (1.4)
where u and v are cross-ratios: u = y
2
12y
2
34
y213y
2
24
, v = y
2
14y
2
23
y213y
2
24
, and yij = yi − yj. The function fs (ν)
encodes the contributions of the spin-s operators in the OO OPE: for each spin-s primary
operator present, fs (ν) contains a pole located at the value of ν where the dimension d2 + iν of
the conformal block Gd/2+iν,s (u, v) coincides with that of the operator. The residue of fs (ν) at
this pole gives the square of the operator’s OPE coefficient, as in the conventional representation
of the conformal block expansion.
Exchange 
or contact
Figure 2: The split representation of four-point bulk amplitudes: A given four-point exchange or
contact Witten diagram can be decomposed into products of two three-point diagrams involving
two of the original external fields and a spin-k field of dual operator dimension d
2
±iν, integrating
over the common boundary point. Analogous to the conformal block expansion of a CFT
correlator (1.4), the function gk (ν) encodes the intermediate states.
We refer to the analogous form for the bulk four-point Witten diagrams as their split rep-
resentation. This is a decomposition of the four-point bulk amplitudes into products of three-
point Witten diagrams, and is illustrated in figure 2.2 This approach was employed in [70–72]
to evaluate scalar and spin-1 exchanges, and the graviton exchange in AdS between two pairs
of scalars.3 In the present context of theories describing massless higher-spin fields on AdS, the
split representation for the four-point exchange amplitude of a massless spin-s field between two
pairs of real scalars on AdSd+1 was established in [75]. The computation of exchange diagrams
in the latter publication was intended as the first step towards determining the quartic vertex of
the scalar in higher-spin theory holographically, and we complete this task in the present paper:
2While this approach provides the bulk analogue of the conformal block expansion, it does not identify
explicitly a bulk quantity that directly corresponds to a boundary conformal block. Such an object was recently
defined in [69].
3Historically, the latter exchanges were first computed in [73]. In the context of higher-spins, see [74].
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By evaluating the three-point amplitudes in the split representations of the Witten diagrams in
figure 1, the latter can be converted into boundary conformal block expansions in the contour
integral form (1.4), allowing for direct comparison with the CFT result.
As explained previously, it is well known that interactions in higher-spin theory are in general
unbounded in their number of derivatives. The quartic vertex of the scalar in higher-spin theory
on AdS therefore takes the general form
V (x) =
∑
m,s
am,s (ϕ0 (x)∇µ1 ...∇µsϕ0 (x) + ... )m (ϕ0 (x)∇µ1 ...∇µsϕ0 (x) + ... ) , (1.5)
but its properties and behaviour of the coefficients am,s have thus far remained elusive. Using
(1.5) as an ansatz to complete the total bulk amplitude in figure 1 for the dual CFT correlator,
we determine the coefficients am,s required to be consistent with the holographic duality. This
requires two further steps that build upon the previous work [75] on the four-point exchange
amplitudes: the split representation (and subsequent conformal block expansion) of the most
general four-point contact amplitude associated to a quartic vertex of the form (1.5) must be
determined, as well as the conformal block expansion of the scalar single-trace operator four-
point function. The latter is only known in d = 4 CFTs [76] in the literature, whereas for
the former only partial results are known in certain limits [62]. While our choice of using the
contour integral representation (1.4) for conformal block expansions is rather unconventional,
it is extremely useful for extracting the coefficients in the quartic ansatz (1.5). This is because
it reduces the comparison between the bulk and boundary conformal block expansions to a
matching of the functions fs (ν) for each spin s.
Before the quartic vertex can be determined holographically in this manner, the explicit cou-
plings associated to the cubic vertices appearing in the exchange diagrams need to be uncovered.
For the computation of the exchange amplitudes in [75], these couplings were left arbitrary. We
therefore begin in section 2 by reviewing the free quadratic Fronsdal action in AdSd+1, and its
cubic extension to the 0-0-s interactions in the type A minimal bosonic theory. Beyond the
level of three-point diagrams, these cubic interactions generate exchanges of the massless spin-s
fields. In section 2.2 we fix the couplings of the latter interactions holographically in general
dimensions, by matching with corresponding three-point functions in the d-dimensional free
O (N) vector model. In section 3 we move onto the computation of the tree-level four-point
Witten diagrams with four external scalar fields, establishing their split representations and
subsequent conformal block expansions. We begin in section 3.1 by reviewing our previous
work [75] on four-point exchanges of a single massless spin-s field in AdSd+1. We then focus on
the exchanges in AdS4, and establish their conformal block expansions in the contour integral
form (1.4). In section 3.2 we derive the analogous expansion for a four-point contact amplitude
associated to a general quartic vertex (1.5) of the scalar. To do so we introduce a convenient
basis of local quartic vertices, in which any quartic contact interaction of the scalar can be
expanded. By computing the conformal block expansion of the amplitudes associated to the
basis vertices, the result for a general contact diagram follows.
In section 4 we turn to the CFT side of the story, where in general dimensions we deter-
mine the contour integral form (1.4) of the conformal block expansion of the scalar single-trace
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operator four-point function. This requires the knowledge of the OPE coefficients of the op-
erators in the scalar singlet OPE, which for the double-trace operators were so far absent in
the literature – with the exception of the d = 4 case derived in [76]. To extend this result to
general dimensions, we take the direct approach of extracting the OPE coefficients from the
computation of the two-point functions of the double-trace operators, and their three-point
functions with the scalar single-trace operator O. We determine the latter by deriving the
explicit form of double-trace operators O(2)n,s built from two scalar single-trace operators in ap-
pendix D. This result for the double-trace operators completes those already available in the
literature [70, 77–79] for their explicit form.
In section 5 we combine the results for the conformal block expansions of the bulk Witten
diagrams and the dual CFT four-point function derived in the preceding section, to extract
the quartic vertex of the scalar. In particular, we determine a generating function for the
coefficients in its derivative expansion (1.5). In section 6 we then probe the nature of the
vertex, studying the amplitude of its four-point Witten diagram in order to quantify its locality
properties. To do this, we draw on the similarity of Mellin amplitudes to flat space amplitudes.
We also comment on the role of holography in the locality of interactions in higher-spin theory
duals to CFTs.
2 Fixing the cubic action
We begin by refining the cubic part of the higher-spin action required to study the quartic
vertex of the bulk scalar field holographically. In particular, we fix the couplings of the cubic
vertices that mediate the spin-s exchanges in figure 1, by comparing with the corresponding
three-point functions in the free conformal scalar O (N) vector model in d-dimensions. This
also serves as a simple demonstration of the logic we apply later at the quartic order: We
determine interactions in higher-spin theory assuming the validity of the holographic duality,
by matching with relevant dual CFT correlation functions. We also take the opportunity to
introduce notation.
2.1 Fronsdal action and cubic vertices of higher-spin gauge fields on
AdS
In this paper we work in Euclidean anti-de Sitter space, which we refer to in the sequel as AdS.
We label points in the bulk of AdS by xµ with µ = 0, 1, ..., d, while points on the conformal
boundary ∂AdS will be denoted by yi with i = 1, ..., d.
The theory we are concerned with is the interacting minimal bosonic higher-spin theory on
AdS4, whose spectrum consists of a parity even scalar and an infinite tower of gauge fields of
even spins s = 2, 4, 6, ....
At the free level, minimal bosonic higher-spin theory is governed by the Frondsal action
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[27, 80]4
S2 =
s!
2
∞∑
s=0
∫ √
|g| dd+1x ϕs (x, ∂u)
(
1− 1
4
u2 ∂u · ∂u
)
Fs (x, u,∇, ∂u)ϕs (x, u)
∣∣∣
u=0
, (2.1)
where Fs(x, u,∇, ∂u) is the Fronsdal operator [78,81]
Fs(x, u,∇, ∂u) = −m2s − u2(∂u · ∂u)− (u · ∇)
(
(∇ · ∂u)− 1
2
(u · ∇)(∂u · ∂u)
)
, (2.2)
m2s ≡ s2 + s(d− 5)− 2(d− 2),
and ϕs(x, u) is a generating function for the off-shell spin-s Fronsdal field, which is a rank-s
symmetric double-traceless tensor
ϕs(x, u) ≡ 1
s!
ϕµ1µ2...µs(x)u
µ1uµ2 . . . uµs , (∂u · ∂u)2ϕs(x, u) = 0. (2.3)
In the above, and throughout this paper, we have adopted the use of constant auxiliary vectors
to effectively manage symmetric tensor fields. We use uµ for symmetric tensor fields in the
bulk of in AdS, and zi with z2 = 0 for symmetric and traceless boundary fields. Our use of this
formalism is further explained in appendix A.
The quadratic action (2.1) is invariant with respect to the linearised gauge transformations
δ0ϕs(x, u) = (u · ∇)εs−1(x, u), (2.4)
where εs−1(x, u) is a generating function for a rank-(s− 1) symmetric and traceless gauge
parameter
εs−1(x, u) ≡ 1
(s− 1)! εµ1µ2...µs−1(x)u
µ1uµ2 . . . uµs−1 , (∂u · ∂u)εs−1(x, u) = 0. (2.5)
To move towards a Lagrangian description of the interacting theory, generally the Noether
procedure is applied to determine the possible interactions that are consistent with the gauge
symmetries of the theory. For the collection of bulk Witten diagrams we are concerned with in
figure 1, the relevant part of the cubic action takes the following form5
S3 = S2 −
∞∑
s=0
s! gs
∫ √
|g| dd+1x ϕs (x, ∂u) Js (x, u) , (2.6)
modulo vertices that vanish on the free mass shell. The gs are the coupling constants of the
0-0-s cubic interaction, and Js is a bulk spin-s conserved current bi-linear in ϕ0. It has the
form [82]
Js (x, u) =
s∑
k=0
(−1)k
k! (s− k)! (u · ∇)
s−k ϕ0 (x) (u · ∇)k ϕ0 (x) + Λ u2 (...) , (2.7)
4For the rest of the paper, when expressing tensor contractions through generating functions, setting the
auxiliary vector to zero is left implicit.
5I.e. it contains the 0-0-s interactions that mediate the four-point exchange diagrams.
10
where the second term proportional to the cosmological constant Λ is pure trace and vanishes
in the flat-space limit, Λ→ 0.6
The Noether approach of determining higher-spin interactions has been successful up to
cubic order in the fields, as it has led to the establishment of all consistent cubic vertices.
However, beyond this order much less is known in the metric-like formulation. Further, solving
the Noether procedure at the cubic level is not sufficient to fix the couplings gs of the action
(2.6), and thus far their explicit form has not yet been determined.7
The cubic vertex in (2.6) mediates the exchange of higher-spin gauge fields between two
pairs of the scalar ϕ0, and is thus required in the computation of the four-point exchange
diagrams (a), (b) and (c) in figure 1. Before the quartic interaction of the scalar can be studied
holographically through the contact diagrams (d) in figure 1, it is therefore crucial that the
couplings gs are fixed. In the following section we determine the explicit form of these cubic
couplings as dictated by the holographic duality, through matching the associated three-point
Witten diagrams to the corresponding three-point functions in the free scalar O (N) vector
model. Moreover, the couplings are established for general field theory dimension d ≥ 3.
2.2 Fixing the cubic couplings in AdS using holography
The goal of this section is to fix the cubic coupling gs associated to the cubic interactions
V(3)s = s! gs
∫
AdS
√
|g| dd+1x ϕs (x, ∂u) Js (x, u) , (2.8)
according to the duality between the type A minimal bosonic higher-spin theory on AdSd+1
and the free scalar O (N) vector model in d dimensions. This thus fully determines the relevant
part of the cubic action (2.6), which we require to complete the computation of the exchange
diagrams in section 3.1.
For the duality with the free scalar vector model, we impose on the parity even scalar ϕ0 the
higher-spin symmetry preserving boundary condition such that it is dual to the scalar single-
trace operator O in the free theory, of dimension ∆O = d − 2. Then, since the vertex (2.8)
is unique up to terms that vanish on the free mass shell,8 the associated three-point Witten
diagram gives the holographic computation of the following three-point function in the free
6Everywhere else in the paper, we have set Λ = 1.
7See however [61] in AdS3 for the λ = 12 theory, with the general case in d-dimensions to appear in [83].
Note that the λ = 1 theory in AdS3 corresponds to the present case of a CFT dual with a free boson.
8For n-point Witten diagrams involving only contact interactions, all fields involved are on shell and thus
such trivial vertices do not contribute to the amplitude.
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scalar vector model9
〈O (y1)O (y2)Js (y3, z)〉 AdS / CFT= s! gs
∫
AdS
√
|g| dd+1x Πd+s−2,s (x, ∂u; y3, z) Js (x, u; y1, y2) ,
(2.9)
where Js is a boundary spin-s conserved current dual to the bulk spin-s gauge field ϕs. The
right-hand-side (RHS) of (2.9) gives the bulk computation of the CFT three-point function
on the left-hand-side (LHS), where Πd+s−2,s is the bulk-to-boundary propagator of a spin-s
gauge field [78] and Js (x, u; y1, y2) is the bulk current (2.7), with bulk-to-boundary propagators
Πd−2,0 (x, y1) and Πd−2,0 (x, y2) for the scalar ϕ0 inserted.10 Recall that z is an auxiliary vector
that encodes traceless and symmetric boundary fields (see appendix A for details.)
The above three-point Witten diagram was computed in the metric-like formulation in [75]
(with auxiliary results in [72]), and for convenience in later sections we give the result here for a
spin-s bulk-to-boundary propagator Π∆s,s with generic dimension ∆s (i.e. it is not necessarily
the case that ∆s = s+ d− 2 )
gs
∫
AdS
√
|g| dd+1x s! Π∆s,s (x, ∂u; y3, z) Js (x, u; y1, y2) (2.10)
= gs
b (∆s, s)
(y212)
d−2+ s−∆s
2 (y213)
∆s−s
2 (y223)
∆s−s
2
(
y13 · z
y213
− y23 · z
y223
)s
,
where
b (∆s, s) =
22s−
5
2 Γ
(
d− 2 + s−∆s
2
)
Γ
(
d
2
− 1 + ∆s+s−2
2
)
Γ
(
s+∆s
2
)2
pi
d
4 Γ
(
d
2
− 1)Γ(d− 2)Γ(s+ ∆s)
√
Γ(∆s − 1)(∆s + s− 1)
Γ
(
∆s + 1− d2
) .
(2.11)
In the above, we fixed the normalisation such that the bulk-to-boundary propagators give
two-point functions of unit norm:
〈Js (y1, z1)Js (y2, z2)〉 = 1
(y212)
d+s−2
(
z1 · z2 − 2 (z1 · y12) (z2 · y12)
y212
)s
, (2.12)
where J0 (y) = O (y) and yij = yi − yj.
The free theory three-point correlation function on the LHS of (2.9) is straightforward to
determine via Wick contractions. With the normalisation (2.12), it is [84]
〈O (y1)O (y2)Js (y3, z)〉 = 2
s+3
2√
s!
√
N
(
d
2
− 1)
s√
(d+ s− 3)s
(
y13 · z
y213
− y23 · z
y223
)s
1
(y212)
d
2
−1
(y213)
d
2
−1
(y223)
d
2
−1
,
(2.13)
9Throughout this paper, we signify equalities that employ the holographic duality (i.e. those which identify
a purely CFT quantity with its bulk counterpart) by
AdS / CFT
= . In other words, such an equality stands for the
Gubser-Klebanov-Polyakov-Witten prescription.
10We use the notation Π∆,s for the bulk-to-boundary propagators, corresponding to spin-s bulk fields dual to
CFT operators of spin-s and dimension ∆.
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where (a)r = Γ (a+ r) /Γ (a) is the rising Pochhammer symbol.
The holographic duality implies that equation (2.9) identifying the bulk three-point Witten
diagram (2.10) with ∆s = s + d− 2, and the CFT correlator (2.13), holds. This dictates that
the cubic couplings for the interaction (2.8) have the following explicit form:
gs =
2
3d−s−1
2 pi
d−3
4 Γ
(
d−1
2
)√
Γ
(
s+ d
2
− 1
2
)
√
N
√
s! Γ (d+ s− 3) . (2.14)
In particular, for d = 3 we have
gs =
24−
s
2√
N Γ (s)
. (2.15)
This is consistent with the known vanishing of the cubic scalar self coupling in AdS4 [47], which
itself provided a non-trivial check of the duality by comparing with earlier CFT results in [85].
These results for the cubic couplings can now be used to complete the computation [75]
of the corresponding exchange Witten diagrams in type A minimal bosonic higher spin theory
on AdSd+1, which we do in the following section. In the latter publication, the 0-0-s cubic
couplings were left arbitrary.
3 Four-point Witten diagrams
3.1 Exchange diagrams
The tree-level amplitude for the exchange of a single massless higher-spin field between two real
scalars on an AdS background was originally computed for arbitrary cubic coupling in [75], for
general space-time dimension. In particular, the exchanges were decomposed into products of
three-point amplitudes, which we refer to as their split representation. This is briefly reviewed
for a single spin-s exchange for even s11 before focusing on those in AdS4, where certain useful
features emerge which are not present in the general dimensional case. We further show how
the exchange amplitudes can then be expressed as a conformal block expansion (1.4) on the
boundary of AdS. This way of representing the four-point bulk amplitudes will prove significant
in determining the bulk quartic vertex of the scalar in higher-spin theory holographically in
section 5, as it allows us to effectively compare with the dual CFT.
The exchange of a spin-s gauge field takes place in the s-, t- and u-channels. It is mediated
by the cubic interaction (2.8), whose couplings gs we fixed holographically in section 2.2. The
exchange diagrams are depicted in figures 1. (a), (b) and (c), and in the following we focus on
11For odd spins the exchange is zero, since there are no non-trivial conserved currents of odd spin that are
bi-linear in real scalar fields. Indeed, in the present context of the minimal bosonic higher-spin theory, there
are only gauge fields of even spin in the spectrum.
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the computation of the s-channel exchange amplitude associated to figure 1 (a). Applying the
usual recipe for tree-level bulk Witten diagrams, the amplitude takes the form
Aexch.s (y1, y2; y3, y4) (3.1)
= g2s
∫
AdS
√
|g| dd+1x1
∫
AdS
√
|g| dd+1x2 Πs (x1, ∂u1 ;x2, ∂u2) Js (x1, u1; y1, y2) Js (x1, u2; y3, y4)
where Πs is the bulk-to-bulk propagator for a massless spin-s field. The t- and u-channel
exchanges follow analogously from the s-channel case, and we comment on them briefly towards
the end of this subsection.
To derive the split representation of the exchange amplitude (3.1), it is conducive to express
the massless spin-s bulk-to-bulk propagator in a basis of bi-tensorial eigenfunctions Ων,s of the
Laplace operator, where ν ∈ R and spin-s label the representation of SO (d, 2). The function
Ων,s can be written as a product of two spin-s bulk-to-boundary propagators of dimensions
d
2
± iν, integrated over the common boundary point (see [72,86] and references therein)12
Ων,s (x1, u1;x2, u2) =
ν2
pi s!
(
d
2
− 1)
s
∫
∂AdS
ddy Πd
2
+iν,s
(x1, u1; y, ∂ˆz) Πd
2
−iν,s (x2, u1; y, z) . (3.2)
Owing to this property, the exchange amplitude then decomposes into products of three-point
Witten diagrams, which are straightforward to evaluate. This approach is illustrated schemat-
ically in figure 3.13
Figure 3: The split representation of exchange Witten diagrams: In expressing the bulk-to-bulk
propagators in a basis of harmonic functions (3.2), the exchange amplitude decomposes into
products of two three-point Witten diagrams. These involve two of the original external fields
and a field of dual operator dimension d
2
± iν, integrated over their common boundary point.
12In accordance with their effect on the form of the exchange amplitude, this way of representing bulk-to-bulk
propagators in terms of products of bulk-to-boundary propagators is also referred to as their split representa-
tion. Early literature on this form for bulk-to-bulk propagators includes [87–90], where it is motivated group
theoretically. In [72] the split representations of the traceless part of massive spin-s bulk-to-bulk propagators
and the graviton propagator were established. The split form of the scalar and spin-1 propagators was derived
in [70,71].
13In this sense, expressing four-point bulk amplitudes in a basis of eigenfunctions of the Laplace operator is
the analogue in the bulk of decomposing CFT four-point functions in terms of eigenfunctions of the quadratic
conformal Casmir, viz. the conformal block expansion.
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This method of computing higher-spin four-point exchange amplitudes was taken in [75], for
three different gauges of the spin-s field. For reasons that will become clear shortly, in AdS4 a
convenient gauge to use for the spin-s bulk-to-bulk propagator is the one that makes the trace
structure manifest (see sections 3.5 and 4.3 of [75]). In this gauge, the propagator reads
Πs (x1, u1;x2, u2) =
[ s2 ]∑
k=0
∫ ∞
−∞
dν gs,k (ν)
(
u21
)k (
u22
)k
Ων,s−2k (x1, u1;x2, u2) , (3.3)
where the (u2)k represent k symmetric products of the background metric. The coefficients gs,k
are given by
gs,0(ν) =
1
(d
2
+ s− 2)2 + ν2 ,
gs,k(ν) = −
(
1
2
)
k−1
22k+3 k!
(s− 2k + 1)2k
(d
2
+ s− 2k)k(d2 + s− k − 32)k
(
d
2
+s−2k+iν
2
)
k−1
(
d
2
+s−2k−iν
2
)
k−1(
d
2
+s−2k+1+iν
2
)
k
(
d
2
+s−2k+1−iν
2
)
k
, k 6= 0.
(3.4)
As opposed to bulk-to-boundary propagators, bulk-to-bulk propagators are not on-shell (i.e.
are not traceless and transverse). In the split representation, this fact manifests itself in con-
tributions from harmonic functions of lower spin. For the massless spin-s propagator in the
manifest trace gauge, these are given by the k > 0 terms in (3.3).
In the above gauge, the s-channel exchange amplitude (3.1) decomposes as
Aexch.s (y1, y2; y3, y4) (3.5)
= g2s
[ s2 ]∑
k=0
∫ ∞
−∞
dν gs,k (ν)
∫
AdS
√
|g| dd+1x1
∫
AdS
√
|g| dd+1x2 s!2 Ων,s−2k (x1, ∂u1 ;x2, ∂u2)
× (∂u1 · ∂u1)k Js (x1, u1; y1, y2) (∂u2 · ∂u2)k Js (x2, u2; y3, y4) ,
where (∂u · ∂u)k Js denotes the k-th trace of Js. The complete evaluation of (3.5) in general
dimensions is given in [75], but at this point we depart from the general dimensional analysis
to focus on the particular case of AdS4.
The suitability of the gauge choice (3.3) to AdS4 becomes apparent when we recall that
the bulk scalar ϕ0 is conformal in this particular dimension. As a consequence, there is some
freedom which allows us to take the currents Js to be traceless on-shell, i.e. (∂u · ∂u)k Js = 0 for
k > 0 when the scalar fields are on their mass shell. This provides a significant simplification,
because when the currents are traceless just the k = 0 term in (3.5) contributes. With this
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choice the exchange amplitude in AdS4 takes the form
Aexch.s (y1, y2; y3, y4) =
∫ ∞
−∞
dν
1
ν2 +
(
s− 1
2
)2 ν2pi
∫
∂AdS
d3y
1
s!
(
1
2
)
s
(3.6)
× gs
∫
AdS
√
|g| d4x1 s! Π3
2
+iν,s
(x1, ∂u1 ; y, ∂ˆz)Js (x1, u1; y1, y2)
× gs
∫
AdS
√
|g| d4x2 s! Π3
2
−iν,s (x2, ∂u2 ; y, z) Js (x2, u2; y3, y4) ,
where we have inserted the representation (3.2) for Ων,s. The amplitude can then be expressed
in terms of boundary quantities by using the result (2.10) for the three-point Witten diagrams,
with ∆s = 32 ± iν:14
Aexch.s (y1, y2; y3, y4) = g2s
∫ ∞
−∞
dν
ν2 +
(
s+ 1
2
)2
ν2 +
(
s− 1
2
)2 b
(
3
2
+ iν, s
)
b
(
3
2
− iν, s)Γ (1
2
− iν)Γ (iν + 1
2
)
4pi4Γ(−iν)Γ(iν)
× 1
s!
(
1
2
)
s
∫
∂AdS
d3y
(y220 (y10 · ∂ˆz)− y210 (y20 · ∂ˆz))s
(y212)
2s−2iν+1
4 (y210)
2s−2iν+3
4 (y220)
2s−2iν+3
4
(y240 (y30 · z)− y230 (y40 · z))s
(y234)
2s+2iν+1
4 (y230)
2s+2iν+3
4 (y240)
2s+2iν+3
4
,
(3.7)
where here yi0 = yi − y, and the bulk three-point amplitude normalisations b
(
3
2
± iν, s) were
defined by equation (2.11) in section (2.2). Note that the second line is a product of three-point
functions of unit norm, integrated over their common boundary point.
To make contact with the dual CFT four-point function, it will be useful to express the
amplitude (3.7) in terms of conformal blocks. It is well known that a boundary integral of the
form shown in second line of (3.7) can be expressed in terms of conformal blocks corresponding
to a given representation of the conformal group and its shadow [72,91]. In our case, the precise
relation is
1
s!
(
1
2
)
s
∫
∂AdS
d3y
(y220 (y10 · ∂ˆz)− y210 (y20 · ∂ˆz))s
(y212)
2s−2iν+1
4 (y210)
2s−2iν+3
4 (y220)
2s−2iν+3
4
(y240 (y30 · z)− y230 (y40 · z))s
(y234)
2s+2iν+1
4 (y230)
2s+2iν+3
4 (y240)
2s+2iν+3
4
(3.8)
=
1
y212y
2
34
[
Kiν,s G 3
2
+iν (u, v) + (ν ↔ −ν)
]
,
where
Kiν,s =
pi5/22−2(iν+s−1)Γ(−iν)Γ (s− iν + 1
2
)
Γ
(
s+ iν + 1
2
)
Γ
(
1
2
− iν) (2iν + 2s+ 1)Γ (2s−2iν+3
4
)2
Γ
(
2s+2iν+1
4
)2 , (3.9)
14Note that here the normalisation of the spin-s bulk-to-boundary propagator is different to that used in
(2.10). It is given by equation (3.53) in [75], and is required to be compatible with the spin-s bulk-to-bulk
propagator (3.3). All normalisations used here are consistent with the canonical normalisation of the kinetic
term in the cubic action (2.6).
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and G3/2+iν,s (u, v) is a direct (i.e. (12)(34)) channel conformal block, of dimension 3/2+ iν and
spin-s. The second term with ν ↔ −ν gives the contribution from the shadow representation,
whose contribution to the bulk amplitude is identical owing to the integration over ν. Using
this relationship between the boundary integral in (3.7) and conformal blocks, the s-channel
exchange amplitude in AdS4 can be expressed as the following conformal block expansion in
the direct-channel
Aexch.s (y1, y2; y3, y4) =
1
y212y
2
34
28−s
NΓ (s)2
∫ ∞
−∞
dν
1
ν2 + (s− 1
2
)2
κs(ν)G3
2
+iν,s
(u, v) , (3.10)
where we have inserted the explicit expression (2.15) for the cubic coupling gs, and the factor
κs(ν) =
2−2iν+2s−3 Γ
(
iν + 1
2
)
Γ
(
2s−2iν+1
4
)2
Γ
(
2s+2iν+3
4
)2
pi5/2Γ(iν)(2iν + 2s+ 1)
(3.11)
in the integrand will keep appearing when representing various relevant amplitudes as contour
integrals.
This completes the computation of the amplitude for the exchange of a massless spin-s field
on AdS4 between two pairs of the real scalar ϕ0 in the s-channel, with the result expressed as
a conformal block expansion (3.10) in the direct-channel. For the t- and u-channel exchanges
(figures 1. (b) and 1. (c)), the process follows much in the same way. In fact, since the external
scalars are not distinct, explicit computation of their amplitudes can be avoided: the t- and
u-channel amplitudes can be obtained by permuting the external legs of the s-channel result
(3.10). Namely, to acquire the t-channel amplitude one should exchange y2 ↔ y3 in (3.10), and
the result is thus given by
Aexch.s (y1, y3; y2, y4) =
1
y213y
2
24
28−s
NΓ (s)2
∫ ∞
−∞
dν
1
ν2 + (s− 1
2
)2
κs(ν)G3
2
+iν,s
(
1
u
, v
u
)
, (3.12)
which is a (13)(24) crossed-channel expansion. Likewise, for the u-channel we exchange: y2 ↔
y4, giving the amplitude Aexch.s (y1, y4; y2, y3). The latter amplitude is thus a (14)(23) crossed-
channel expansion conformal blocks G3/2+iν,s (v, u).
3.2 Contact diagrams
In this section we show how four-point Witten diagrams associated to quartic contact interac-
tions of the scalar ϕ0 can be evaluated. In particular, as with the exchange diagrams in the
previous section, we demonstrate how to derive the split representation of the amplitudes, and
subsequently their conformal block expansions in a single channel. The results derived below
for a contact diagram associated to a general quartic vertex will be instrumental in section 5,
where by matching the four-point Witten diagrams with external ϕ0 to the corresponding CFT
four-point function, we determine the quartic vertex of ϕ0 in AdS4.
In general, the computation of a four-point contact Witten diagram associated to an arbi-
trary quartic vertex is very involved, owing to the manipulations required of non-commuting
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Figure 4: Four-point contact diagram generated by a quartic vertex Vm,s of the basis (3.13).
The vertical line through the interaction point serves to illustrate that, for the given labeling
of external legs, the quartic interaction corresponds to gluing a bulk current Js, associated the
two external legs y1,2, to another bulk current Js, associated with the two remaining external
legs y3,4, with a power of the Laplacian m in between them, c.f. (3.15). In accordance with
the Feynman rules, the remaining diagrams contributing to the total contact amplitude for this
vertex can be obtained from this amplitude by permuting the external legs.
covariant derivatives in AdS acting on the fields in the vertex. However, a given quartic contact
interaction of ϕ0 can be expressed in terms of a basis of particular local quartic vertices, whose
corresponding amplitudes in the split representations can easily be evaluated. The basis is
given by the set
Vm,s = Js (x, ∂u)m
(
Js (x, u)
)
, s = 2k, k ≥ m ≥ 0, k,m ∈ N, (3.13)
where Js is the traceless spin-s conserved current bi-linear in the scalar ϕ0, introduced in the
previous section. In appendix C, we show that in AdS4 they account for all independent vertices
quartic in the scalar. A general quartic vertex of ϕ0 can therefore be expressed in the form
V (x) =
∑
am,s Vm,s (x) , am,s ∈ R (3.14)
for some coefficients am,s. The efficacy of working in this basis to compute four-point contact
Witten diagrams is explained in the following.
Consider the Witten diagram associated to the vertex Vm,s, for the following permutation
of the external yi (as shown in figure 4)
Acont.m,s (y1, y2; y3, y4) =
∫
AdS
√
|g| d4x Js (x, ∂u; y1, y2)m
(
Js (x, u; y3, y4)
)
. (3.15)
The first step towards establishing the split representation (i.e. factorisation into products of
three-point Witten diagrams) of the amplitude, is to introduce a second bulk integral in a way
that pair-wise separates the external points yi between the two integrals. This can be achieved
by inserting a Dirac delta function. How it is inserted, dictates the way in which the external
points yi are distributed between the two bulk integrals. For reasons that will become clear
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shortly, for the given permutation of the external points it is most strategic to place the delta
function such that the pairs (y1, y2) and (y3, y4) are separated. To wit,
Acont.m,s (y1, y2; y3, y4) (3.16)
=
∫
AdS
√
|g| d4x1 Js (x1, ∂u1 ; y1, y2)
∫
AdS
√
|g| d4x2 m
(
Js (x2, ∂u2 ; y3, y4)
)
(u1 · u2)s δ4 (x1 − x2) .
The suitability of the basis Vm,s emerges when one inserts the completeness relation (B.4)
for the harmonic functions Ων,`. Since the currents Js are conserved and traceless, only the
harmonic function with ` = s contributes and one obtains
Acont.m,s (y1, y2; y3, y4) (3.17)
=
∫ ∞
−∞
dν
∫
AdS
√
|g| d4x1 Js (x1, ∂u1 ; y1, y2)
∫
AdS
√
|g| d4x2 m
(
Js (x2, ∂u2 ; y3, y4)
)
Ων,s (x1, u1;x2, u2)
=
∫ ∞
−∞
dν (−1)m (ν2 + s+ 9
4
)m ν2
pi
∫
∂AdS
d3y
1
s!
(
1
2
)
s
∫
AdS
√
|g| d4x1 Js (x1, ∂u1 ; y1, y2) Π3
2
+iν,s
(x1, u1; y, ∂ˆz)
×
∫
AdS
√
|g| d4x2 Js (x2, ∂u2 ; y3, y4) Π3
2
−iν,s (x2, u2; y, z) ,
where in the second equality we used the equation of motion (B.2) for Ων,s, and inserted its
representation (3.2) in terms of spin-s bulk-to-boundary propagators.
The diagram can now easily be evaluated using the known results (2.10) for the three-point
Witten diagrams, just as in the previous section. The resulting conformal block expansion is
the direct channel expansion
Acont.m,s (y1, y2; y3, y4) =
1
y212y
2
34
∫ ∞
−∞
dν (−1)m (ν2 + s+ 9
4
)m
κs(ν)G3
2
+iν,s
(u, v) , (3.18)
which can be obtained using (3.8), as with the exchange amplitudes in section (3.1).
To complete the full four-point amplitude associated to the vertex Vm,s, in accordance with
the Feynman rules the contact diagrams corresponding to the remaining permutations of the
external yi have to be taken into account. As for the exchange diagrams in section 3.1, since the
external scalars are not distinct their amplitudes can be obtained from the result (3.18) with
y2 ↔ y3 and y2 ↔ y4, and are given by Acontm,s (y1, y3; y2, y4) and Acontm,s (y1, y4; y2, y3) respectively.
In the same way as for the exchanges, these amplitudes are also crossed-channel (13)(24) and
(14)(23) expansions in terms of conformal blocks: G3/2+iν,s
(
1
u
, v
u
)
and G3/2+iν,s (v, u), respec-
tively. The total contact amplitude for the vertex Vm,s is thus
Acont.m,s (y1, y2; y3, y4) +Acont.m,s (y1, y3; y2, y4) +Acont.m,s (y1, y4; y3, y2). (3.19)
4 Scalar singlet four-point function
The four-point Witten diagrams displayed in figure 1 constitute the holographic computation
of the connected part of the scalar-singlet four-point function in the free scalar O (N) vector
19
model. With normalisation O = 1√
2N
φaφa, this is the O (1/N) part of the full scalar single-trace
operator four-point function [76]
〈O (y1)O (y2)O (y3)O (y4)〉 (4.1)
=
1
(y212y
2
34)
d−2
{
1 + ud−2 +
(u
v
)d−2
+
4
N
(
u
d
2
−1 +
(u
v
) d
2
−1
+ u
d
2
−1
(u
v
) d
2
−1)}
,
which is straightforward to obtain in the free field theory via Wick contractions. We express
the full four-point function (4.1) diagrammatically in figure 5.
Figure 5: Contributions to the full scalar single-trace operator four-point function (4.1) using
Wick contractions. The first line constitutes the disconnected O (N0) terms, while the second
line comprises the connected part of the correlator, which is O (1/N).
Since ultimately we will be comparing the connected part of (4.1) with the bulk Witten
diagram computations of section 3, both the bulk and boundary results for the scalar single-
trace operator four-point function should be put on an equal footing in order to ease the
identification. To avoid having to re-sum infinite series of conformal blocks from the bulk
amplitudes to reach a finite Laurent polynomial in
√
u and
√
v as in (4.1), we instead derive
the conformal block decomposition of the field theory result. As with the Witten diagrams,
we employ the contour integral representation (1.4) of the conformal block expansion. In the
direct channel, this reads
〈O (y1)O (y2)O (y3)O (y4)〉 = 1
(y212y
2
34)
d−2
{
1 +
∫ ∞
−∞
dν
∑
s
fs (ν)Gd
2
+iν,s
(u, v)
}
, (4.2)
where from now all sums over s will be implicitly over the even spins s = 0, 2, 4, . . . The
first term in the braces corresponds to the contribution of the identity operator. The function
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fs (ν) contains poles that ensure only the spin-s operators present in the scalar singlet OPE
contribute, and encodes their OPE coefficients. The goal of this section is to establish the
function fs (ν). As a first step, we determine those OPE coefficients in the scalar single-trace
operator product expansion (OPE) which are not yet known explicitly:
The OPE of the scalar singlet O takes the schematic form [92–94]
OO ∼ I+
∑
s
cs Js +
∑
n,s
cn,s O(2)n,s + descendants, (4.3)
where I is the identity operator, cs is the OPE coefficient of the spin-s single-trace conserved
current Js and cn,s is the OPE coefficient of the double-trace operator O(2)n,s. The conserved
currents Js take the schematic form
Ji1...is = φa∂(i1 ... ∂ is)φa + ..., ∂i1Ji1...is = 0, (4.4)
while the double-trace operators are bi-linear in the single-trace scalar operator O:
O(2)n,i1...is (x) = n
(O (x) )∂(i1 ...∂ is)O (x) + .... (4.5)
The explicit form for a general double-trace operator built from two scalar single-trace operators
in conformal field theory is derived in appendix D.
In the direct channel, the explicit conformal block decomposition of (4.1) is thus
〈O (y1)O (y2)O (y3)O (y4)〉 (4.6)
=
1
(y212y
2
34)
d−2
{
1 +
∑
s
c2s Gs+d−2,s (u, v) +
∑
n,s
c2n,s G∆n,s,s (u, v)
}
,
where ∆n,s = 2(d− 2) + 2n+ s is the dimension of the spin-s double-trace operator O(2)n,s, and
the spin-s conserved current Js has dimension ∆s = s + d − 2. The function fs (ν) of the
corresponding contour integral representation (4.2) can be determined with the knowledge of
the explicit form of cs and cn,s.
The OPE coefficients cs of the spin-s conserved currents Js are known [76,84], and are given
by
cs =
2
s+3
2√
s!
√
N
(
d
2
− 1)
s√
(d+ s− 3)s
. (4.7)
For the double-trace operators O(2)n,s, so far the OPE coefficients have been determined only
for d = 4 in [76]. However, the OPE coefficient of an operator Ok in the OPE of operators
Oi and Oj can be determined with the knowledge of the coefficient of the three-point function
〈OiOjOk〉 and the two-point function 〈OkOk〉. In the following section we take this approach to
compute the OPE coefficients cn,s of the double-trace operators in general field theory dimension
d, thus completing the conformal block decomposition (4.6) of the scalar single-trace operator
four-point function (4.1) in general dimensions.
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4.1 OPE coefficients of double-trace operators
The aim of this section is to compute the OPE coefficients cn,s of the double-trace operators
O(2)n,s in the OPE of the scalar singlet O. In a free theory, it is feasible to compute the coefficients
using the relation
cn,s =
COOO(2)n,s√
CO(2)n,s
, (4.8)
where COOO(2)n,s is the coefficient of the three-point function 〈OOO
(2)
n,s〉 and CO(2)n,s is the coefficient
of the two-point function 〈O(2)n,sO(2)n,s〉 (see below for their explicit forms). The reason for this
is that in a free theory the computation of correlation functions is relatively straightforward
using Wick contractions, with the knowledge of the explicit form of the operators concerned in
terms of the fundamental fields.
Using conformal symmetry, it is possible to show that the three- and two-point functions
take the form
〈O (y1)O (y2)O(2)n,s (y3, z)〉 = COOO(2)n,s
(y212)
n
(y213)
d−2+n
(y223)
d−2+n
(
y13 · z
y213
− y23 · z
y223
)s
, (4.9)
and
〈O(2)n,s (y1, z1)O(2)n,s (y2, z2)〉 = CO(2)n,s
1
(y212)
∆n,s
(
z1 · z2 − 2(z1 · y12) (z2 · y12)
y212
)s
. (4.10)
The coefficients COOO(2)n,s and CO(2)n,s can then be determined by comparing with the result ob-
tained using Wick contractions. Since the explicit form of the double trace operators (appendix
D) is very involved, we were not able to calculate the coefficients explicitly for general n and
s. We conjecture their form for any n and s based on the explicit results we could obtain for
any n when s = 0, and for any s when n = 0, 1 (see appendix E). This leads to the following
expression for the double-trace OPE coefficients
c2n,s =
[(−1)s + 1] 2s (d
2
− 1)2
n
(d− 2)2s+n
s!n!
(
s+ d
2
)
n
(d− 3 + n)n (2d+ 2n+ s− 5)s
(
3d
2
− 4 + n+ s)
n
(4.11)
×
1 + (−1)n 4
N
Γ (s)
2sΓ
(
s
2
)
(
d
2
− 1)
n+
s
2(
d−1
2
)
s
2
(d− 2)
n+
s
2
 .
Although we were unable to derive the OPE coefficients in full generality, our conjecture above
for any n and s reproduces the results available in d = 4 [76], and agrees with the coefficients
at N =∞ in general d [79]. These provide two supplementary important checks of its validity.
This formula is instrumental in our holographic reconstruction of the quartic self-interaction of
the scalar field in higher-spin gravity on AdS4, dual to the free vector model CFT3.
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4.2 Contour integral representation
In this subsection we complete the derivation of the conformal block expansion (4.2) of the
scalar single-trace operator four-point function in the form of a contour integral. We use the
knowledge of the explicit form (4.7) of the OPE coefficients cs of the single-trace higher-spin
conserved currents, and those cn,s of the double-trace operators obtained in the previous section.
For concision, we focus on the specific case of interest: d = 3.
Essentially, the task is to find a function fs (ν) which gives precisely the conformal block
expansion (4.6) when the contour integral over ν in (4.2) is evaluated. Therefore fs (ν) must
contain poles in ν, within the prescribed contour, where the dimension d
2
+ iν of the conformal
blocks matches that of the spin-s operators Js and O(2)n,s in the scalar singlet OPE (4.3).
Since the conformal block G d
2
+iν,s (u, v) decays exponentially as Im(ν)→ −∞, we close the
contour in the lower-half plane. Accordingly, fs (ν) must have the following pole structure for
the correct operator spectrum:
1. Spin-s conserved current Js of dimension ∆s = s+ d− 2
→ single pole at ν = −i (s+ d
2
− 2).
2. Spin-s double-trace operator O(2)n,s of dimension ∆n,s = 2 (d− 2) + 2n+ s, n = 0, 1, 2, ...
→ single poles at ν = −i (2 (d− 2) + 2n+ s− d
2
)
.
It will be useful to decompose fs (ν) as
fs (ν) = fJs (ν) + fO(2)s (ν) , (4.12)
where fJs (ν) and fO(2)s generate the contributions of Js and the spin-s double-trace operators
O(2)n,s, respectively.
The functions fJs (ν) and fO(2)s (ν) are not unique, as they can be modified in ways that do
not alter the pole structure within the contour, and the corresponding residues. This freedom
can be used to ease comparison with the conformal block expansions of the four-point Witten
diagrams derived in section 3, allowing us to cast the functions into the form
f (ν) = ps (ν) κs(ν) , (4.13)
where ps (ν) is an even function of ν, as is the case for the Witten diagrams (see for example
the four-point amplitudes (3.10) and (3.18)). We demonstrate how this can be achieved in the
following, for the contribution of the double-trace operators.
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Double-trace operator contribution
To represent the contribution of the double-trace operators, the function fO(2)s (ν) must be
chosen such that ∫ ∞
−∞
dν fO(2)s (ν)Gd
2
+iν,s
(u, v) =
∞∑
n=0
c2n,sG∆n,s,s (u, v) , (4.14)
where we close the contour in the lower-half plane.
As explained above, fO(2)s (ν) must have poles at ν = −i
(
2 (d− 2) + 2n+ s− d
2
)
for n =
0, 1, 2, ... These poles can be neatly packaged in the gamma function Γ
(
4(d−2)+2s−d−2iν
4
)
, which
has poles precisely at those values of ν. The most direct way to find a function which satisfies
(4.14), is then to multiply the double-trace conformal block coefficient (4.11) by Γ (−n) and
a factor to neutralise the effect of its residue.15. To obtain a function of ν one then simply
replaces n→ −
(
4(d−2)+2s−d−2iν
4
)
. For d = 3, this direct method gives the following function
f˜O(2)s (ν) = p˜O(2)s (ν) κs(ν) , (4.15)
with κs given by (3.11) and p˜O(2)s by
p˜O(2)s (ν) = [1 + (−1)
s]
pi5/225−sΓ
(
s+ 3
2
)
Γ (s+ 1) Γ
(
2s+1−2iν
4
)
Γ
(
2s+1+2iν
4
)
Γ
(
2s+3−2iν
4
)
Γ
(
2s+3+2iν
4
) (4.16)
+
1
N
[1 + (−1)s] pi
326−2sΓ
(
s+ 3
2
)
csc
(
pi
4
(1 + 2iν)
)
csc
(
pi
4
(2iν − 2s+ 1))
Γ
(
s
2
+ 1
)2
Γ
(
3−2iν
4
)
Γ
(
3+2iν
4
)
Γ
(
2s+1−2iν
4
)
Γ
(
2s+1+2iν
4
)
Γ
(
2s+3−2iν
4
)
Γ
(
2s+3+2iν
4
) ,
where we used the identity Γ (z) Γ (1− z) = pi cosec (piz) to make the behaviour of p˜O(2)s (ν)
under the transformation ν ↔ −ν manifest. It is then clear that the only terms preventing
the symmetry condition pO(2)s (−ν) = pO(2)s (ν) of (4.13) from being satisfied are the cosecant
functions in the numerator of the O (1/N) part. Since the only poles of (4.15) in the lower-half
plane are single poles at ν = −i (1
2
+ 2n+ s
)
, the discrepancy can be rectified by evaluating
the cosecant functions at the location of the poles:
csc
(
pi
4
(1 + 2iν)
)
csc
(
pi
4
(2iν − 2s+ 1)) ∣∣∣
ν=−i(2∆+2n+s−d
2
)
=
(−1)
s
2√
2
. (4.17)
The conformal block coefficient function fO(2)s (ν) = pO(2)s (ν) κs(ν) with the desired symmetry
(4.13) therefore has
pO(2)s (ν) = [1 + (−1)
s]
pi
3
2 2s+4Γ
(
s+ 3
2
)
Γ (s+ 1) Γ
(
s+ 1
2
+ iν
)
Γ
(
s+ 1
2
− iν) (4.18)
+
1
N
[1 + (−1)s] (−1)
s
2 pi
3
2 2s+4Γ
(
s+ 3
2
)
Γ
(
s
2
+ 1
2
)
√
2 Γ
(
s
2
+ 1
)
Γ (s+ 1) Γ
(
3
4
− iν
2
)
Γ
(
3
4
+ iν
2
)
Γ
(
s+ 1
2
+ iν
)
Γ
(
s+ 1
2
− iν) ,
15The residue of Γ (z) at z = −n is (−1)nn! , so in this case the neutralising factor is (−1)n n!
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where simplifications were also made using the identity: Γ (z) Γ
(
z + 1
2
)
=
√
pi 21−2zΓ (2z).
Higher-spin conserved currents
Just as for the double-trace operators above, one can derive a function fJs (ν) = pJs (ν) κs(ν)
that generates the contribution (4.7) of a spin-s conserved current to the conformal block
expansion (4.6) of the scalar single-trace operator four-point function. The corresponding
pJs (ν) that satisfies the symmetry property (4.13) is
pJs (ν) =
pi 28−s
N
1
ν2 + (s− 1
2
)2
1
Γ
(
2s−2iν+1
4
)2
Γ
(
2s+2iν+1
4
)2 . (4.19)
Notice that the factor Γ
(
2s−2iν+1
4
)2 in the denominator cancels that in the numerator of κs (ν).
The function fJs (ν) = pJs (ν)κs(ν) therefore only has one pole in the lower-half plane at
ν = −i (s− 1/2), corresponding to a spin-s conserved current.
5 Uncovering the quartic vertex
5.1 Summary: CFT interpretation of Witten diagrams
Before the scalar quartic vertex in higher-spin theory on AdS4 can be investigated through the
comparison of the CFT3 results in section 4.2 with the four-point bulk amplitudes in section 3,
it is instructive to study the latter as objects in conformal field theory. That is, the operator
contributions in their conformal block expansions.
Exchange Witten diagrams
Let us focus on the s-channel exchange of a massless spin-s field (figure 1. (a)), whose conformal
block expansion (3.10) in the direct channel was derived as a contour integral in section 3.1. The
discussion for the t- and u-channel exchanges is analogous, and we comment on them briefly
towards the end of this subsection. We take the same prescription for the contour as for the
CFT conformal block expansions in section 4.2, closing in the lower-half plane. The four-point
exchange amplitude (3.10), interpreted as a CFT quantity, therefore receives contributions from
the following operators:
1. Single pole at: ν = −i (s− 1
2
) → spin-s conserved current Js.
2. Double poles at: ν = −i (2 (d− 2) + 2n+ s− d
2
)
, n = 0, 1, 2, ...
→ spin-s double-trace operator O(2)n,s with anomalous dimensions.
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The cubic coupling gs was fixed in section 2.2 according to the OPE coefficient of Js in the
operator product expansion (4.3) (see also equation (2.13)). Therefore, as can be checked
explicitly from the split representation, the corresponding contribution of Js to the s-channel
exchange is identical to that in the direct channel conformal block decomposition of the dual
CFT four-point function (4.6). For the double-trace operator contributions the story is clearly
not the same, as indicated by the anomalous dimensions: In a free theory, such as the dual free
scalar O (N) vector model, these are not present. The explicit conformal block expansion of
the s-channel exchange thus takes the form
Aexch.s (y1, y2; y3, y4) =
1
y212y
2
34
{
c2s Gs+d−2 , s (u, v) +
∞∑
n=0
dexch.n,s G∆n,s+γn,s , s (u, v)
}
, (5.1)
where the γn,s represent the anomalous dimensions of the double-trace operators O(2)n,s. This
result is consistent with observations in the literature [62, 95] for lower-spin exchanges, that
an exchange Witten diagram does not simply correspond in the CFT to the exchange of the
operator dual to the exchanged bulk field: There are additional contributions from double-
trace operators built from the single-trace operators that are dual to the external fields of the
exchange Witten diagram.
As explained at the end of section 3.1, the t- and u-channel exchanges have (13)(24) and
(14)(23) crossed-channel expansions, which are obtained from the s-channel result by exchang-
ing y2 ↔ y3 and y2 ↔ y4 respectively. Consequently, as with the conformal block expansion
(5.1) of the s-channel exchange, the contributions from the operator Js in the conformal block
expansion of these amplitudes coincide with those in the corresponding (13)(24) and (14)(32)
crossed channel expansions of the CFT four-point function (4.1).
Before moving onto the analysis of the contact diagrams, let us make a final comment on the
operator contributions to the spin-s exchange. It is important to note that in general it is not
the case that only spin-s representations of the conformal group contribute to the four-point
exchange of a bulk spin-s field. In the present context of higher-spin theory on AdS4, this is
only possible since the conformal scalar present in this dimension allows the conserved currents
in the cubic vertex (2.8) to be traceless. As a consequence, only spin-s conformal blocks appear
in the amplitude (5.1). This can be seen from the split representation (3.5) of the exchange in
general dimensions, where just the leading (k = 0) term contributes if the current is traceless.
In general dimensions the terms for k > 0 would be non-vanishing, because generally the scalar
is not conformal. These terms would generate contributions to the amplitude from double-trace
operators of spin lower than s.
Contact Witten diagrams
We now perform the CFT analysis of the contact Witten diagrams considered in section 3.2,
which give all possible contact amplitudes for the scalar ϕ0 in AdS4, since they are generated
by quartic vertices belonging to the basis (3.13). A similar analysis can be found in [62], where
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a complete basis of local quartic interactions was presented and the conformal block expansions
of corresponding four-point contact diagrams were determined in the Regge limit.
The contour integral representation of the contact amplitude (3.18) produced by a generic
quartic vertex Vm,s in the basis (3.13), has double poles located at ν = −i
(
2 (d− 2) + 2n+ s− d
2
)
,
n = 0, 1, 2, . . . in the lower-half ν-plane. Its conformal block expansion thus receives contribu-
tions only from spin-s double-trace operators with anomalous dimensions,
Acont.m,s (y1, y2; y3, y4) =
1
y212y
2
34
∞∑
n=0
dcont.n,s,m G∆n,s+γn,s , s (u, v) . (5.2)
As with the exchange amplitudes, the conformal block expansions of the remaining contact
amplitudes are crossed channel expansions obtained from (5.2) by exchanging y2 ↔ y3 and
y2 ↔ y4. They therefore also receive contributions only from double-trace operators in their
respective channels, with the same coefficients dcont.n,s,m and anomalous dimensions γn,s.
5.2 Combining bulk contributions from all channels
At the level of four-point functions, holography requires∑
s
Aexch.s (y1, y2; y3, y4) +Aexch.s (y1, y3; y2, y4) +Aexch.s (y1, y4; y3, y2)
+Acont.(y1, y2; y3, y4) +Acont.(y1, y3; y2, y4) +Acont.(y1, y4; y2, y3) (5.3)
AdS / CFT
= 〈O(y1)O(y2)O(y3)O(y4)〉conn.,
where the Acont. are the contributions from quartic contact interaction that we seek, and the
RHS is the connected, i.e. O (1/N), part of the scalar single-trace operator four-point function
(4.1). The bulk Witten diagrams that comprise the LHS of equation (5.3) are given in figure
6.
To extract the quartic vertex V (x) from equation the contact diagrams in (5.3), we make
an ansatz of the form
V (x) =
∑
m,s
am,s Vm,s (x) , am,s ∈ R (5.4)
built from vertices in the basis (3.13), which accounts for all possible independent quartic
interactions of ϕ0 on AdS4. The corresponding four-point contact diagrams (d), (e) and (f)
in figure 6 can be evaluated in terms of conformal blocks using the results for the contact
amplitudes of the individual basis elements established in section 3.2. For example, for the
amplitude of diagram 6. (d)
Acont.(y1, y2; y3, y4) =
∑
m,s
am,s Acont.m,s (y1, y2; y3, y4), (5.5)
with Acont.m,s (y1, y2; y3, y4) given by (3.18). Combined with the results for the conformal block
expansions of the CFT four-point function (4.2) and the exchange diagrams in section (3.1), one
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Figure 6: Four-point bulk Witten diagrams involving external scalars ϕ0, which give the holo-
graphic computation of the connected part of the dual scalar single-trace operator four-point
function. Contact diagrams (d), (e) and (f) are generated by the quartic vertex V that we
seek to establish, and represent the distinct permutations of the external legs. In the preceding
sections, the amplitudes of the diagrams in the first, second and third columns of this figure
have been expressed as (12)(34) direct-, (13)(24) and (14)(23) crossed-channel expansions in
conformal blocks, respectively.
can then solve equation (5.3) for the coefficients am,s. However, there is one issue preventing
us from extracting the vertex directly in this manner, which we discuss in the following.
From the derivation of the exchange amplitudes in section 3.1, the s-channel exchange is
expressed in a direct channel decomposition of conformal blocks, and is given by equation (3.10).
By simply exchanging the external points of (3.10), we could obtain results for the t- and u-
channel exchanges. In this way, the t- and u-channel exchange amplitudes are not expressed as
direct channel decompositions like for the s-channel, but rather (13)(24) and (14)(23) crossed
channel expansions such as (3.12). Thus, at the current stage we are able to evaluate all the
exchange diagrams contributing to (5.3), yet they are expressed in terms of conformal blocks
in different channels. This creates an essential difficulty in extracting the vertex, since the
conformal block expansion of the CFT result on the RHS of (5.3) is, as derived in section
4.2, an expansion only in a single channel. At present there is no straightforward means to
relate arbitrary collections of conformal blocks in different channels. This is essentially the key
technical problem of the conformal bootstrap, which so far is addressed mainly numerically or
analytically in certain limits.
In [66, 96] conformal block decomposition of the scalar exchange in the s-channel has been
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obtained in terms of crossed channel conformal blocks. In principle one can try to generalise
these results to higher spin exchanges, to express them as conformal block expansions in one
and the same channel. However, the split representation of the bulk-to-bulk propagators is
not conducive to deriving a crossed-channel decomposition of a s-channel exchange, since the
construction naturally delivers s-channel amplitudes as direct channel expansions. Fortunately,
as we shall explain in the next subsection, in our case dealing with the conformal block decom-
position of the exchanges in different channels can be avoided.
Before explaining how this can be achieved, let us emphasise that the same difficulty also
appears for the contact Witten diagrams: Consider one of the vertices in the basis (3.13)
Vm,s = Js (ϕ0, ϕ0, ∂u)mJs (ϕ0, ϕ0, u) , (5.6)
where the fact that Js is bilinear in scalar fields ϕ0 is made explicit. According to the Feyn-
man rules, the bulk-to-boundary propagators sourced at different boundary points should be
attached to the vertex in a Bose-symmetric way. This implies that the vertex (5.6) results not
only in the amplitude
Acont.m,s (y1, y2; y3, y4) (5.7)
≡
∫
AdS
√
|g|dd+1xJs (Πd−2,0(y1, x),Πd−2,0(y2, x), ∂u)mJs (Πd−2,0(y3, x),Πd−2,0(y4, x), u) ,
but also in the amplitudes Acont.m,s (y1, y3; y2, y4) and Acont.m,s (y1, y4; y3, y2). The complete result is
therefore
Acont.m,s (y1, y2; y3, y4) +Acont.m,s (y1, y3; y2, y4) +Acont.m,s (y1, y4; y3, y2). (5.8)
The contact amplitude (5.7) was evaluated explicitly in section 3.2, where it was expressed in
terms of direct-channel conformal blocks (3.18). By exchanging y2 ↔ y3 and y2 ↔ y4 in the
direct-channel result (3.18) for (5.7), we could obtain the remaining amplitudesAcont.m,s (y1, y3; y2, y4)
and Acont.m,s (y1, y4; y3, y2) as expansions in terms of (13)(24) and (14)(23) cross-channel confor-
mal blocks, respectively. In this way, the total contact amplitude (5.8) is therefore also an
expansion in a mixture of the three channels. To try and express (5.8) as an expansion in
just a single channel, in principle one could try and rearrange amplitudes Acont.m,s (y1, y3; y2, y4)
and Acont.m,s (y1, y4; y3, y2) at the level of the bulk integrand: This would involve taking (5.7) with
y2 ↔ y3 and y2 ↔ y4, in attempt to express them as linear combinations of Acont.m,s (y1, y2; y3, y4)
through integrating by parts and using the equations of motion. Their direct channel expan-
sions could then be obtained using (3.18). However, this would require the knowledge of the
explicit complete form of traceless conserved currents Js in AdS, as well as cumbersome algebra
involving covariant derivatives. As with the equivalent issue for exchange diagrams explained
above, these complicated manipulations can be avoided.
5.3 Solving for the vertex: Reducing the analysis to a single channel
Instead of solving (5.3) for the quartic vertex, which requires us to deal simultaneously with
conformal blocks in different channels, since the operators inserted in the four-point function
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Figure 7: Simplified equation for the quartic vertex: All terms are expressed as conformal block
expansions in the same channel. The LHS constitutes the bulk diagrams in the first column of
figure 6, while the boundary term on the RHS is determined in the main text. The equation
encodes the full amplitude, which can be obtained by exchanging y2 ↔ y3, y4 and adding the
permuted equations to the original.
are identical we can instead solve the following equation∑
m,s
am,s Acont.m,s (y1, y2; y3, y4) +
∑
s
Aexch.s (y1, y2; y3, y4) = F(y1, y2; y3, y4), (5.9)
where F(y1, y2; y3, y4) is a sum of direct channel conformal blocks, and satisfies
F(y1, y2; y3, y4) + F(y1, y3; y2, y4) + F(y1, y4; y3, y2) = 〈O(y1)O(y2)O(y3)O(y4)〉conn.. (5.10)
This simplified problem is expressed diagrammatically in figure 7. The form of a suitable
function F is simple to establish from the total connected CFT correlator, and we shall explain
precisely how it can be obtained below. But let us first make the relation between equations
(5.3) and (5.9) for the quartic vertex more concrete: If a vertex that solves (5.9) is found,
then by the property (5.10) of F , equation (5.3) is clearly satisfied. Further, the non-trivial
quartic vertex is completely determined by (5.3). Thus any solution of (5.9) would give the
only solution of (5.3), and these two problems therefore are equivalent. Solving (5.9) for the
vertex instead greatly simplifies the problem, since each term is expanded in one and the same
channel.
It should be noted that equation (5.10) does not define F unambiguously. Moreover, through
equation (5.9) the different F result in different s-channel amplitudes Acont. (y1, y2; y3, y4). How-
ever, since the total contact amplitude
Acont.(y1, y2; y3, y4) +Acont.(y1, y3; y2, y4) +Acont.(y1, y4; y3, y2) (5.11)
is unique, we can conclude that any effect on the solution for quartic vertex V introduced by
this ambiguity would vanish due to the Bose-symmetrisation over the external legs.
In fact, we shall use this freedom to our advantage: As observed in section 5.1, the con-
tact amplitudes Acont.m,s (y1, y2; y3, y4) generated by individual vertices in the basis (3.13) do not
receive contributions from conformal blocks of single-trace operators in the direct channel. It
is therefore natural to try and choose F so that it cancels the single trace contributions to
equation (5.9) generated by the exchange Witten diagrams. This can be achieved by noting
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that the first two terms of the connected four-point function
〈O (y1)O (y2)O (y3)O (y4)〉conn. = 4
N
1
(y212y
2
34)
d−2
{
u
d
2
−1 +
(u
v
) d
2
−1
+ u
d
2
−1
(u
v
) d
2
−1}
, (5.12)
contain only single-trace conformal blocks in the direct-channel decomposition
A + B ≡ 4
N
1
(y212y
2
34)
d−2
{
u
d
2
−1 +
(u
v
) d
2
−1}
=
1
(y212y
2
34)
d−2
∑
s
c2s Gs+d−2 , s (u, v) , (5.13)
while the remaining term receives contributions only from double-trace conformal blocks
C ≡ 4
N
1
(y212y
2
34)
d−2
{
u
d
2
−1
(u
v
) d
2
−1}
=
1
(y212y
2
34)
d−2
∑
n,s
c¯2n,s G∆n,s , s (u, v) , (5.14)
where c¯2n,s is the O (1/N) part of the double-trace conformal block coefficient (4.11).
Moreover, as noted in section 5.1, the total single-trace contribution to the s-channel ex-
change amplitudes in equation (5.9) precisely coincides with A+B. From the ansatz
F = a · (A + B) + c · C,
it is therefore clear that the cancellation of single trace conformal blocks in (5.9) requires a = 1.
The value of c can then be fixed by noting that A, B and C transform into each other under
y2 ↔ y3 and y2 ↔ y4:16
y2 ↔ y3 : (A,B,C)→ (C,B,A) , (5.15)
y2 ↔ y4 : (A,B,C)→ (A,C,B) ,
Then since the total correlator (5.12) is equal to A+B+C, the definition (5.10) demands that
2a+ c = 1. Our choice a = 1 therefore requires c = −1.17 The RHS of (5.9) then reads
F(y1, y2; y3, y4) = 1
(y212y
2
34)
d−2
{∑
s
c2s Gs+d−2 , s (u, v)− c¯2n,s G∆n,s , s (u, v)
}
. (5.16)
In the sequel, taking d = 3 we solve equation (5.9) for the quartic vertex in AdS4 using the
form (5.16) above for F(y1, y2; y3, y4).
Solving for the vertex
As explained in section 5.2, we make the following ansatz for the quartic vertex
V =
∑
m,s
am,s Vm,s, am,s ∈ R (5.17)
16This can straightforwardly be seen from figure 5, where A, B and C are respectively the first, second and
third diagrams on the second line.
17The representation with c = 0 and a = 12 was already derived in [84].
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Figure 8: In AdS4, the amplitudes of the above Witten diagrams generate only spin-s conformal
blocks. To determine the coefficients am,s in the derivative expansion (5.17) of the scalar quartic
vertex, we identify them with the spin-s contribution of the term (5.18) in the dual field theory
on the RHS of equation (5.9).
composed of vertices Vm,s from the basis (3.13), whose contribution to equation (5.9) is given
by (5.5).
Extracting the vertex coefficients am,s from equation (5.9) is most straightforward using the
contour integral representation of the conformal block expansion. In this formalism, our choice
(5.16) for F in d = 3 takes the form
F(y1, y2; y3, y4) = 1
y212y
2
34
∑
s
∫ ∞
−∞
dν
[
pJs (ν)− p¯O(2)s (ν)
]
κs (ν)G3
2
+iν,s
(u, v) , (5.18)
where pJs (ν) is given by (4.19) for the contribution of spin-s operators Js in the direct channel,
while p¯O(2)s (ν) gives the O (1/N) part of the double-trace operator contributions (4.18). The
bulk amplitudes in (5.9) are given by (3.10) and (3.18) in this formalism. Although the functions
ps (ν) were originally introduced in a field theory context by equation (4.13), their definition
extends naturally to the bulk amplitudes: For the total sum of the exchange amplitudes in
(5.9), we have
pexch.s (ν) =
28−s
NΓ (s)2
1
ν2 + (s− 1
2
)2
, (5.19)
to which only the spin-s exchange contributes.18 Likewise, for the contact amplitude of the
quartic ansatz,
pcont.s (ν) =
∑
m
am,s (−1)m
(
ν2 + s+ 9
4
)m
, (5.20)
since the basis vertices Vm,s also generate only spin-s contributions.
The coefficients am,s for each fixed s can now be determined for every m = 0, 1, 2, ... by
equating the total bulk and boundary ps (ν) in equation (5.9). In this way, the am,s are given
18This is because in the specific case of AdS4, spin-s exchanges only generate spin-s conformal blocks.
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implicitly by∑
m
am,s (−1)m
(
ν2 + s+ 9
4
)m
= pJs (ν)−
28−s
NΓ (s)2
1
ν2 + (s− 1
2
)2
− p¯O(2)s (ν)
=
28−s
N
1
ν2 + (s− 1
2
)2
[
pi
Γ
(
2s−2iν+1
4
)2
Γ
(
2s+2iν+1
4
)2 − 1Γ (s)2
]
− 1
N
(−1)
s
2 pi
3
2 2s+5Γ
(
s+ 3
2
)
Γ
(
s
2
+ 1
2
)
√
2Γ
(
s
2
+ 1
)
Γ (s+ 1) Γ
(
3
4
− iν
2
)
Γ
(
3
4
+ iν
2
)
Γ
(
s+ 1
2
+ iν
)
Γ
(
s+ 1
2
− iν) . (5.21)
Then by setting z = − (ν2 + s+ 9
4
)
, one can establish a generating function:
as(z) ≡
∑
m
am,s z
m.
This determines the quartic vertex (5.17) of the parity even scalar in the minimal bosonic
higher-spin theory on AdS4 dual to the free O(N) vector model in the form
V =
∑
s∈2N
Js (x, ∂u) as()Js (x, u) , (5.22)
and is one of the main results of this paper. In the next section we examine the properties of
the vertex, particularly in the context of the locality of interactions in higher-spin theory. But
first, let us make the following comments:
The solution (5.22) that we found contains vertices which are not in the basis (3.13) due
to the terms with m > k. The fact that these extra vertices are redundant just means that
it should be possible to express them in terms of vertices with m ≤ k using the freedom of
integration by parts and the free equations of motion. We used these extra vertices to avoid
conversions of conformal blocks between different channels and, eventually, to present the result
in a more concise form.
Since we solve for the coefficients am,s at the level of the integrand of the ν contour integral
in (5.21), naïvely it may seem that the vertex is not defined uniquely: One is free to add
functions of ν that are entire within the contour. In doing so, this would change the form of
am,s and thus the solution for the quartic vertex. However, the addition of such terms does not
change the four-point amplitude and therefore the different vertices obtained in this manner
would differ only by trivial terms which vanish on-free-shell, e.g. by the terms which can be
accounted for by the redundancy of the representation (5.17) with unbounded m.
Next, let us comment on the presence of anomalous dimensions in the bulk four-point
amplitudes: As observed in section 5.1, the conformal block decompositions of the bulk four-
point amplitudes contain contributions from double-trace operators with anomalous dimensions.
These manifest themselves in the presence of double poles in the integrands of (3.10) and (3.18)
for ν = −i (2 (d− 2) + 2n+ s− d
2
)
, n = 0, 1, 2, ..., which are the values of ν that yield double-
trace operator contributions. Owing to the double-poles, evaluating the ν-integral using the
Cauchy theorem produces not only the “non-anomalous” double-trace conformal blocks G∆n,s,s,
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but also their derivatives with respect to the dimension (∂/∂∆n,s)G∆n,s,s. These two terms
together indicate that it is not G∆n,s,s that is present in the conformal block decomposition,
but rather the conformal block G∆n,s+γn,s,s with an anomalous dimension. Indeed, this can be
seen by expanding G∆n,s+γn,s,s as a Taylor series in γn,s,
G∆n,s+γn,s,s = G∆n,s,s + γn,s
∂
∂∆n,s
G∆n,s,s +O
(
1/N2
)
. (5.23)
The presence of anomalous dimensions is natural in the bulk theory of interacting higher spin
fields. But at the same time, the boundary theory is free and the double-trace operators On,s
do not receive any anomalous dimensions. This is consistent with our (4.18) and (4.19) for the
contour integral representation of the CFT four-point function, where the integrands contain
only single poles in ν. Thus, the holographic duality between higher spin theories and free
O(N) vector models requires a rather delicate cancelation of anomalous conformal blocks in
Witten diagrams. The quartic vertex that we have just found solves (5.3), which implies, in
particular, that this cancellation indeed takes place.
In this respect, the contour integral representation for the conformal block decomposition
turned out to be a powerful tool: First of all, it allowed us to solve for a quartic vertex
by performing simple algebraic manipulations with the functions ps(ν), instead of solving an
infinite system of linear equations balancing explicit conformal block coefficients of the bulk
and boundary results. Moreover, this representation allowed us to treat conformal blocks with
anomalous dimensions on the same footing as the non-anomalous ones, simply by controlling
the degree of the pole in ν at the associated point.
As a final comment, general consistency of the higher-spin holographic duality should imply
that the vertex we have obtained is consistent with the Noether procedure. Further, to instead
derive the vertex we found via the Noether procedure would involve going to quintic order in
the fields. Indeed, the lowest order in the coupling constant where the quartic vertex for scalar
fields contributes to the Noether consistency condition is g3, unlike other quartic vertices for
fields of non-zero spin which first appear at the order g2. The reason for this is that the scalar
field does not posses its own undeformed gauge transformation.
6 Locality
Let us now turn to the issue of locality, which we outlined in the introduction. As mentioned
there, while local theories are the standard arena of quantum field theory, locality is a debat-
able issue in higher-spin theories and has been the subject of recent investigations [37,61]. The
standard approach to address the question of higher-spin interactions is to construct them per-
turbatively using the Noether procedure [1] (which can be formalised as a BRST cohomological
problem [36,97,98]). In this approach, one makes a general ansatz for deformations of both the
action and its gauge transformations and then selects consistent pairs of such deformations by
demanding gauge invariance order by order in a coupling constant. However, at quartic and
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higher orders in the number of fields this procedure is constraining only if the sought for ver-
tices and deformations of gauge transformations are local [36]. Otherwise any cubic interaction
vertex consistent until this level, can be made consistent with the gauge symmetry at all higher
orders by an appropriate non-local deformation. From this perspective, it seems reasonable to
narrow the search for vertices by focusing attention on local deformations only.
In higher-spin theory, it is crucial to broaden the investigation to field theories which are
“quasilocal”19 in the sense that they possess a perturbative expansion (in powers of fields and
their derivatives) where each individual term in the total Lagrangian is local, though the total
number of derivatives may be unbounded in the full series. Indeed, it is a well-established
fact that higher-spin theory in dimension four and higher requires a spectrum of fields with
unbounded spin and, consequently, interactions with an unbounded number of derivatives (since
the maximal number of derivatives in a cubic vertex grows with the spin). In particular,
Vasiliev’s theory [40–42] does contain infinitely many derivatives in its interaction terms. In
order to resolve this apparent clash with locality, it appears necessary to define a weaker notion
of locality that leaves room for vertices with infinitely many derivatives.
To get more intuition on how this generalised locality might be defined, let us for simplicity
concentrate on quartic interactions of scalars in flat space. It is natural to characterise inter-
actions by the corresponding S-matrix. It is well-known that local interactions give rise to
amplitudes which are polynomial in Mandelstam variables. In turn, amplitudes for exchange
diagrams, which are distinct from local quartic interactions, contain poles in Mandelstam vari-
ables. So, as a first requirement, one possibility is to demand that amplitudes of local contact
interactions should be free of poles.
A similar conclusion can be drawn by replacing the requirement of the amplitude to be
polynomial by the milder requirement that the coefficients in its Taylor series expansion should
decrease fast enough. To be more precise, one possibility is to demand an infinite radius of
convergence for this Taylor series. In this case the amplitude can be approximated infinitely
well by its Taylor series and for any values of Mandelstam parameters. This means, in turn,
that the amplitude is infinitely close to a local one. The requirement for the amplitude to
have an infinite radius of convergence, or in other words, to be an entire function, not only
excludes poles, but also branch cuts in the amplitude. According to these arguments, we define
a quartic interaction in flat spacetime to be weakly local iff the associated four-point amplitude
is an entire function of Mandelstam variables.20
To extend this definition to AdS space we turn to Mellin amplitudes. This extension is
based on numerous results indicating the similarity of Mellin amplitudes for Witten diagrams
in AdS with flat amplitudes in Minkowski space [70, 71, 101]. In particular, it was shown
that vertices with 2n covariant derivatives produce polynomial Mellin amplitudes of degree n
19 This terminology is standard in functional renormalisation group literature (see e.g. [99]), but in higher-spin
literature, the term “perturbatively local” is also sometimes used (see e.g. [100]) and is essentially a synonym.
20A more refined classification could distinguish between “strongly local” (polynomial 4-point amplitude, e.g.
sn with n ∈ N) “weakly local” (entire, e.g. exp(−s)), “quasi local” (Taylor series around zero, e.g. 1/(s − s0)
with s0 6= 0) and “strongly non-local” (Laurent series around zero, e.g. 1/s) quartic interactions.
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in Mandelstam variables, exactly as in flat space amplitudes. It was also shown that Mellin
amplitudes corresponding to AdS exchange Witten diagrams contain poles. Based on these
results, and repeating the arguments detailed above for flat space vertices, we will consider
that in AdS spacetime a quartic interaction is weakly local iff the associated four-point Mellin
amplitude is an entire function of Mandelstam variables.
As shown in [70], a 4-point conformal correlator does not contain single trace conformal
blocks in the conformal block decomposition iff the associated Mellin amplitude is an entire
function. According to this criterion, polynomial Mellin amplitudes and non-polynomial entire
ones are in the same class, so it is rather natural to define locality in such a way that the
corresponding bulk vertices fall into the same class as well. This gives yet another argument in
support of the above definition of weak locality.
These definitions can be naturally extended to vertices of any degree in the fields and to
fields with spin. For the former the associated amplitudes then depend on a larger number
of Mandelstam (or Mellin) variables, while for the latter one introduces polarisation vectors.
Such flat (respectively, AdS) vertices can be considered weakly local if the associated amplitude
is given by an entire function of Mandelstam (respectively, Mellin) variables for any value of
polarisation vectors.
Flat limit
Our definitions of weak locality in flat or AdS spacetime given above are independent. In
particular, in the AdS case this definition does not rely on the existence of a flat limit. It can
therefore be applied to higher-spin theories, which are notorious for their lack of a smooth flat
limit. However, since the flat limit was important in the original works establishing the role
of Mellin amplitudes as an AdS counterpart of scattering amplitudes in flat space, to avoid
possible confusions we discuss this limit in more detail in the following.
For a clear flat limit to exist, certain conditions have to be satisfied. In the flat limit,
generally we expect to find an action that contains terms with different numbers of derivatives.
Therefore, firstly, the theory in AdS should possess two dimensionful parameters (say with
the dimensions of length): the curvature radius R and furthermore an extra parameter l. The
parameter l remains finite in the limit R/l→∞ and is necessary to compensate the dimensions
carried by the partial derivatives. Secondly, the action should not contain positive powers of R,
or at least it should be possible to remove such terms by an overall rescaling of the action. To
satisfy these two conditions, an n-point vertex Vn with a well-defined flat limit should therefore
admit the following schematic form
Vn = f0(l/R)φ1 . . . φn + f1(l/R)φ1 . . . (l∇) . . . (l∇) . . . φn + . . . , (6.1)
where fi(l/R) are finite at zero, i.e. fi(0) <∞. Its flat limit is then given by
Vn = f0(0)φ1 . . . φn + f1(0)φ1 . . . (l∂) . . . (l∂) . . . φn + . . . . (6.2)
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In [70] it was shown that the Mellin amplitude M(δij) for the vertex (6.1) reproduces the flat
space amplitude A(pi · pj, l) for the vertex (6.2) in the limit R/l→∞, up to a fixed pre-factor,
lim
R→∞
M(pi · pjR2, l) ∝ A(pi · pj, l),
where the pi denote momenta of ingoing and outgoing particles.
Higher-spin gravity theories on the other hand do not possess a smooth flat limit. Firstly,
the only dimensionful constant in the theory is the curvature radius. This means that ev-
ery covariant derivative enters in a dimensionless combination R∇. Moreover, interactions of
higher-spin fields contain terms with an unbounded number of derivatives, and consequently
with arbitrarily large powers of R. In this case positive powers of R cannot be removed from
the action by an overall rescaling, which eventually results in the absence of a smooth flat limit.
Let us note, however, that separate cubic vertices do possess a smooth flat space limit since
they contain a finite number of derivatives. For these vertices, what remains in the flat space
limit is only the term with the highest number of derivatives [8, 15].
Testing locality of the holographic quartic vertex
We will now apply the definitions introduced in the above to test locality of the quartic vertex
we obtained holographically in section 5, given by (5.22) with coefficients (5.21). One way to do
this would be to evaluate the associated Mellin amplitude explicitly and check whether or not it
is an entire function. However, it is instead possible to give a simple argument for the analyticity
of the Mellin amplitude by studying the operator contributions to the conformal block expansion
of its four-point contact amplitude: In section 5.1, we observed that the exchange diagrams
contributing to the bulk computation of the scalar single-trace operator four-point function
(4.1) account for the entire contribution from the single-trace operators in the OPE (4.3). The
quartic vertex (5.22) thus only generates contributions from double-trace operators, which, as
explained earlier in this section, implies that the associated Mellin amplitude must be an entire
function.
An alternative way to conclude the weak locality of the quartic vertex, which is more direct
and intuitively clear, can be attained by drawing on the similarity of Mellin amplitudes to
flat space scattering amplitudes. We establish a flat space analogue of our vertex by simply
replacing covariant derivatives with flat ones via
R∇ → l∂, (6.3)
and then test its locality based on the definitions we gave for flat space amplitudes in the
previous section. This can be used to investigate the locality of our vertex in AdS, since Mellin
amplitudes and flat scattering amplitudes for vertices related by (6.3) differ only by terms
containing subleading powers of the Mandelstam variables. Given that the convergence of the
Taylor series depends on the rate of decay of the highest power coefficients, it is natural to
expect that the Mellin amplitude for the original vertex and the flat scattering amplitude for
the vertex obtained by (6.3) are entire (or not) simultaneously. We would like to emphasise
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that the replacement (6.3) is not related, strictly speaking, to the flat limit and can be applied
even in the case when the flat limit does not exist.21
For further analysis, it is convenient to split the complete vertex (5.22) into sectors of fixed
spin,22
V =
∑
`
V`, (6.4)
where
V` = J`(x, ∂u)a`()J`(x, u) =
∑
m
am,`J`(x, ∂u)mJ`(x, u) . (6.5)
After establishing the flat space analogue of the above vertex via (6.3), to simplify the evaluation
of the corresponding flat space four-point amplitude, we replace the traceless conserved current
J` with the current (C.3). This replacement is valid since the latter current is an improvement
of the former, and so differs only by terms which do not contribute to the amplitude.
We first establish the weak locality of the vertex (6.4) in the spin-` sector, by showing that
the amplitude
A`(s, t, u) = a`(s)(t− u)` =
∑
m
am,`s
m(t− u)` , (6.6)
generated by the flat space analogue of the vertex V` is an entire function in the Mandelstam
variable s. This can be done by demonstrating that a` (ν) is an entire function of ν: From
studying its explicit form (5.21), the only pole that could possibly appear is at ν2 = −(`−1/2)2,
from denominators of the two terms on the first line. It is straightforward to check that these
poles cancel. Indeed, this is due to our special choice of the F amplitude (5.16), which was
made precisely to cancel the single trace contributions on the two sides of (5.9). The associated
flat amplitude (6.6) is therefore an entire function of Mandelstam variable s.
Thus we have shown that in each sector of fixed spin-` the vertex (6.4) is weakly local,
since the corresponding flat space amplitudes (6.6) are entire in the Mandelstam variable s.
To conclude that the whole vertex is weakly local, it remains to show that the sum
∑
`A` has
an infinite radius of convergence in (t − u). This is indeed the case, since the dominant spin
dependence of a` at large spin ` is 1/Γ2(`), so the series converges for any (t− u) by the ratio
test.
Mellin amplitudes
Let us briefly comment on the use of Mellin amplitudes. So far we only touched upon Mellin
amplitudes at the final stage of our work to quantify locality or non-locality of the quartic vertex.
For the main part of our computation, we used the more pedestrian approach of the conformal
block decomposition. In solving the same problem entirely in terms of Mellin amplitudes, one
21For instance, there is no reason to expect that the flat analogue of our vertex obtained by (6.3) is consistent
with the Noether procedure in flat spacetime. Of course, if the flat limit would exist, then the vertex in flat
space-time would be consistent with the Noether procedure.
22The spin is denoted ` here in order to distinguish it from the Mandestam variable s.
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faces the following two problems. The first problem is that Mellin amplitudes for spinning
correlators involve Mack polynomials [101], which are very complicated. This eventually makes
computations intractable at the present stage. Another problem is that the correlators that
one encounters in free theories do not admit a well-defined Mellin transform. This can be
illustrated by considering the term f(u) ≡ ud/2−1 in the correlator (5.12) and applying the
Mellin transform,
M[f ](z) ≡
∫ ∞
0
uz−1f(u)du.
The integral on the RHS diverges for any value of z, and that is why the Mellin transformM[f ]
of a power function is ill-defined. Regularisation of the Mellin transform for power functions
remains an open issue. However, a possible way out is that a function τ(z) may exist whose
inverse Mellin transform
M−1[τ ](u) = 1
2pii
∫ i∞
−i∞
u−zτ(z)dz.
is equal to the power function f(u).
Such an example precisely appeared during our computations. Let us consider
χ(z) ≡ 2
−2z
z2 + (s− 1/2)2
Γ(z + 1/2)Γ2
(
2s+2z+3
4
)
Γ(z)Γ2
(
2s+2z+1
4
)
(2z + 2s+ 1)
,
which can be obtained from fJs(ν) = pJs(ν)κs(ν) with pJs(ν) and κs(ν) given by (4.19) and
(3.11) respectively by the change of a variable z ≡ iν, and dropping unimportant z independent
terms. It has only one pole in the right half-plane located at z = s−1/2. Closing the integration
contour in the right half-plane and picking a residue at z = s − 1/2, for the inverse Mellin
transform of χ(z) we find
1
2pii
∫ i∞
−i∞
u−zχ(z)dz ∼ u−s+1/2. (6.7)
In this sense, χ(z) can be viewed as the Mellin transform of the power function u−s+1/2. We
leave further study of this interesting issue for future research.
Locality from CFT
As noted in section 5.1, the exchange diagrams contributing to the bulk computation of the
scalar single-trace operator four-point function (4.1) account for the entire contribution from
the single-trace operators in the OPE (4.3). It is therefore clear that any quartic self interaction
of the bulk scalar, to be consistent with the OPE in the dual field theory, can only generate
double-trace operator contributions. While the four-point amplitude generated by a contact
interaction that is local in the strong sense (that is, with a finite number of derivatives) will
always only yield double-trace contributions to a CFT four-point function, it is not necessarily
the case when such a vertex contains an unbounded number of derivatives. However, this
is guaranteed by the crossing symmetry of the dual CFT, as it places strong constraints on
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the coefficients in the derivative expansion of the vertex [62], and ensures that it is weakly
local. It would be interesting to investigate further the power of the OPE and crossing in
CFTs admitting a large N expansion in taming non-local bulk interactions: Indeed, it seems
that when exchange Witten diagrams generate the entire single-trace contribution of their dual
CFT correlators (which may well be always the case), these constraints ensure that quartic
contact interactions will always satisfy some notion of locality.
7 Summary and Outlook
In this work we have used holography to shed some light on the elusive nature of quartic
interactions in higher-spin theories on AdS space. In particular, via the identification of Witten
diagrams and CFT correlation functions, we extracted and analysed quartic self-interaction of
the scalar in type A minimal bosonic higher-spin theory on AdS4. We found that while the
interaction is non-local in the sense that the vertex is unbounded in its number of derivatives, it
still satisfies a weaker notion of locality in that its four-point bulk amplitude behaves similarly
to those of local vertices, and does not exhibit any pathologically non-local behaviour. The
weak locality of our quartic vertex appears to be ensured by the holographic duality, due to
OPE and crossing constraints from the dual CFT. This would suggest that the interactions of
higher-spin gravity theories dual to weakly-coupled CFTs are to some degree local.
Although we focused our study on the simplest example of the scalar self-interaction, we
expect that the techniques employed in this case can be extended to allow for the holographic
study of quartic vertices involving fields with non-zero spin, as well as higher-order vertices. It
would also be interesting to develop further the technology of Mellin amplitudes, in order for
them to be applied more effectively in the higher-spin context. This would allow our definition
of weak locality in terms of the analyticity of Mellin amplitudes to be more directly applicable.
We hope that this work will provide a basis for further discussion of locality in higher-spin
theories.
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A Notation and conventions
A.1 Symmetric tensors in AdS
Symmetric tensors in AdS can be managed in a compact way by encoding them in generating
functions. For example, a symmetric rank-r tensor tµ1...µr is represented in this formalism by
tµ1...µr (x)→ t (x, u) =
1
r!
tµ1...µr (x)u
µ1 ...uµr , (A.1)
where we have introduced the constant auxiliary vector uµ. The original tensor can be recovered
by taking derivatives ∂/∂uµ.
In this formalism, tensor operations are replaced by an operator calculus. For example, the
contraction of two rank-r symmetric tensors tµ1...µr and sµ1...µr is implemented via
tµ1...µr (x) s
µ1...µr (x) =
1
r!
t (x, ∂u) s (x, u)
∣∣∣
u=0
=
1
r!
s (x, ∂u) t (x, u)
∣∣∣
u=0
. (A.2)
Likewise, the following operations can be represented:
divergence: ∇ · ∂u, symmetrised gradient: u · ∇, trace: ∂u · ∂u. (A.3)
The symmetric metric gµν is denoted simply by u2, and thus terms proportional to u2 are pure
trace.
A.2 Symmetric and traceless boundary tensors
On the boundary we work with primary fields represented by symmetric and traceless tensors
on d-dimensional flat Euclidean conformal space. Like a symmetric tensor in AdS, a symmetric
and traceless boundary tensor ti1...ir (y) can be encoded in a polynomial of a constant auxiliary
boundary vector zi,
ti1...ir (y)→ t (y, z) =
1
r!
ti1...ir (y) z
i1 ...zir , (A.4)
but with the additional requirement that z2 = 0 to enforce tracelessness.
Contractions of symmetric and traceless tensors can be implement by the Thomas-D oper-
ator ∂ˆzi
ti1...ir (y) s
i1...ir (y) =
1
r!
(
d
2
− 1)
r
t(y, ∂ˆz)s (y, z) =
1
r!
(
d
2
− 1)
r
s(y, ∂ˆz)t (y, z) , (A.5)
and [68,102,103]
∂ˆzi =
(
d
2
− 1 + z · ∂
∂z
)
∂
∂zi
− 1
2
zi
∂2
∂z · ∂z . (A.6)
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B AdS harmonic functions
The AdSd+1 bi-tensorial harmonic functions Ων,` (x1, u1;x2, u2) are spin-` eigenfunctions of the
Laplace operator (
1 +
(
d
2
)2
+ ν2 + `
)
Ων,` (x1, u1;x2, u2) = 0, ν ∈ R, (B.1)
which are traceless and transverse
(∂u1 · ∂u1) Ων,` (x1, u1;x2, u2) = 0, (∇ · ∂u1) Ων,` (x1, u1;x2, u2) = 0. (B.2)
These functions provide a complete basis for symmetric and traceless rank-r bi-tensors in
AdSd+1, given by{
(w1 · ∇1)` (w2 · ∇2)` Ων,`−r (x1, w1;x2, w2)
∣∣ ν ∈ R, ` = 0, 1, ..., r} , (B.3)
with completeness relation
(w1 · w2)r δd+1 (x1 − x2) =
r∑
`=0
∫ ∞
−∞
dν cr,r−`(ν) (w1 · ∇1)r−` (w2 · ∇2)r−` Ων,` (x1, w1;x2, w2) ,
(B.4)
where
cr,`(ν) =
2` (r − `+ 1)`
(
d
2
+ r − `− 1
2
)
`
`! (d+ 2r − 2`− 1)`
(
d
2
+ r − `− iν)
`
(
d
2
+ r − `+ iν)
`
. (B.5)
In the above we used constant light-like auxiliary vectors w1,2 to enforce tracelessness.
AdS harmonic bi-tensors have many useful properties, and we only presented those which
were useful for our purposes here. For more information, the reader can see for example section
4.C of [86], and [72,75] for their application in a similar context.
C Complete Set of Quartic Vertices
Here we justify the basis of quartic vertices chosen in (3.13). For our purposes one needs to
find a complete set of quartic vertices which are independent on-free-shell. Moreover, the same
vertex can be brought to different forms using integration by parts. All possible relations of this
type should also be taken into account. Counting quartic vertices up to total derivatives and
equations of motion is equivalent to counting the associated 4-point amplitudes. For simplicity,
the following analysis will be performed in flat space.
Independent flat space 4-point amplitudes have been counted in [62]. They are generated
by monomials of the form
sktkum with integers k ≥ m ≥ 0 , (C.1)
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where s, t and u are the Mandelstam variables
s = (p1 + p2)
2, t = (p1 + p3)
2, u = (p2 + p3)
2 .
In massless case (pi)2 = 0 and one has
s = 2 p1 · p2 = 2 p3 · p4, t = 2 p1 · p3 = 2 p2 · p4, u = 2 p2 · p3 = 2 p1 · p4 .
Our goal now is to replace the basis (C.1) with an equivalent one, but better suited for our
purposes. Let us first consider the vertices in position space
m12J˜µ1···µ`
(
φ(x1), φ(x2)
)
J˜µ1···µ`
(
φ(x3), φ(x4)
)
, (C.2)
with 12 = (∂x1 + ∂x2)2 and
J˜µ1···µ`
(
φ(x1), φ(x2)
) ≡ φ(x1)←→∂ µ1 · · ·←→∂ µ`φ(x2) , (C.3)
are the conserved currents of [104], with
←→
∂ =
←−
∂ x1 −
−→
∂ x2 . The amplitude in momentum space
associated to the vertex (C.2) reads
(p1 + p2)
m [(p1 − p2) · (p3 − p4)]l = sm(t− u)`. (C.4)
For ` = 2k, this amplitude contains a term smtkuk. Up to a Bose symmetry transformation this
reproduces the form of the vertices (C.1). Thus, we conclude that vertices (C.2) with ` = 2k
and k ≥ m ≥ 0 generate the basis of quartic vertices.
In order to write compact formulae involving symmetrised multi-indices, in this appendix
and in the following ones we will make use of Vasiliev notation e.g. explained in footnote 2
of [23].
For our purposes it is more convenient to use not the conserved current J˜ (C.3), but its
improved traceless version [77]23
Jµ(l)
(
φ(x1), φ(x2)
)
=
√
pi Γ (d+ s− 2)
2s+d−3Γ
(
d−1
2
)
Γ
(
s+ d
2
− 1)
l∑
k=0
ak(∂µ)
kφ(x1)(∂µ)
l−kφ(x2)− traces,(C.5)
where
ak = (−1)k l!
k!(l − k)!
(δ)l
(δ)k(δ)l−k
.
The improvement (C.5) can always be done when the scalar field is conformal. Analogously to
(C.2) the flat space amplitude corresponding to a vertex
Vn,` ≡ m12Jµ(`)
(
φ(x1), φ(x2)
)
Jµ(`)
(
φ(x3), φ(x4)
)
(C.6)
with ` = 2k generates a term smtkuk. Thus, vertices (C.6) with ` = 2k and k ≥ m ≥ 0 can be
used as a basis for quartic interactions.
23Note that the normalisation here is such that it is consistent with the normalisation of (C.3).
43
D Double Trace Operators
In this appendix we construct primary operators bilinear in two scalar primary operators O1
and O2 of dimensions ∆1 and ∆2. We use the convention where the conformal algebra is given
by
[Mij, Pk] = i(ηikPj − ηjkPi), [Mij, Kk] = i(ηikKj − ηjkKi), (D.1)
[Mij, D] = 0, [Pi, Kj] = −2(ηijD + iMij), (D.2)
[D,Pi] = Pi, [D,Ki] = −Ki. (D.3)
Primary operators O1 and O2 are annihilated by the special conformal generator Ki
KiO1 = 0, KiO2 = 0, (D.4)
and have well-defined scaling dimensions
DO1 = ∆1O1, DO2 = ∆2O2. (D.5)
Our goal is to construct a full set of symmetric higher spin primary operators. It is well known
that these operators have a schematic form24
[O1O2]n,s = O1∂i(s)nO2 + . . . , (D.6)
where ellipsis denote terms, which are required to make [O1O2]n,s primary. The double trace
operator [O1O2]n,s has spin s and scaling dimension ∆ = ∆1 + ∆2 + 2n+ s.
Our goal here is to specify implicit terms in (D.6). To this end we make the most general
ansatz
[O1O2]n,s =
∑
s1,b1,b2
an,s(s1, s2; b1, b2, b12)∂i(s1)b1∂j(b12)O1∂i(s2)b2∂j(b12)O2 − traces, (D.7)
and specify an,s from the requirement that [O1O2]n,s is primary. In this sum s = s1 + s2 and
n = b1 + b2 + b12, so there are only three independent summations.
D.1 The action of the conformal boost generator
Let us replace derivatives with the momentum operator according to Pi = i∂i and contract free
indices with the auxiliary traceless symmetric tensor V i(s) to ensure that [O1O2]n,s is traceless
and symmetric. A typical term from the sum (D.7) will be denoted as
Tn,s(s1, s2; b1, b2, b12) = V
i(s1)j(s2)(ηij)b1(ηij)b12(ηjj)b2Pi(s1+2b1+b12)O1Pj(s2+2b2+b12)O2. (D.8)
24When O1 and O2 are identical operators, O2 = O1 = O, for concision we denote the corresponding double-
trace operators by [OO]n,s = O(2)n,s. This is employed throughout the main text, and in appendix E.
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Using the conformal algebra, (D.4) and (D.5) one can show that
KjPi(n)O1 = 2n(∆1 + n− 1)ηijPi(n−1)O1 − n(n− 1)ηiiPjPi(n−3)O1. (D.9)
Employing (D.9) we can evaluate that
KjTn,s(s1, s2; b1, b2, b12) = 2[∆1 + s1 + 2b1 + b12 − 1]s1CV (s1 − 1, s2; b1, b2, b12)
+ 2b1[2∆1 + 2b1 − d]C1(s1 + 1, s2; b1 − 1, b2, b12)
− b12(b12 − 1)C1(s1 + 1, s2; b1, b2 + 1, b12 − 2)
− 2s1b12C1(s1, s2 + 1; b1, b2, b12 − 1)
+ 2[∆1 + s1 + 2b1 + b12 − 1]b12C2(s1, s2 + 1; b1, b2, b12 − 1)
+ 2[∆2 + s2 + 2b2 + b12 − 1]s2CV (s1, s2 − 1; b1, b2, b12)
+ 2b2[2∆2 + 2b2 − d]C2(s1, s2 + 1; b1, b2 − 1, b12)
− b12(b12 − 1)C2(s1, s2 + 1; b1 + 1, b2, b12 − 2)
− 2s2b12C2(s1 + 1, s2; b1, b2, b12 − 1)
+ 2[∆2 + s2 + 2b2 + b12 − 1]b12C1(s1 + 1, s2; b1, b2, b12 − 1), (D.10)
where
CV (s1 − 1, s2; b1, b2, b12)
= V ji(s1−1)k(s2)(ηii)b1(ηik)b2(ηkk)b2Pi(s1+2b1+b12−1)O1Pk(s2+2b2+b12)O2,
C1(s1 + 1, s2; b1 − 1, b2, b12)
= V i(s1)k(s2)(ηii)b1−1(ηik)b12(ηkk)b2PjPi(s1+2b1+b12−2)O1Pk(s2+2b2+b12)O2,
C2(s1, s2 + 1; b1, b2, b12 − 1)
= V i(s1)k(s2)(ηii)b1(ηik)b12−1(ηkk)b2Pi(s1+2b1+b12−1)O1PjPk(s2+2b2+b12−1)O2. (D.11)
The only difference of this formula with the one found by [79] is that we do not symmetrise
the index carried by Kj with the remaining ones and for this reason we have more independent
structures on the RHS of (D.10).
D.2 Imposing that the double-trace operator is primary
Having understood how the special conformal generatorKj acts on each term of the ansatz (D.7)
we act withKj on the complete expression. Using (D.10), Ki[O1O2]n,s can be expressed in terms
of three independent structures CV , C1 and C2 defined in (D.11). Setting the prefactors for
each of these structures to zero we obtain three equations on an,s. The equation corresponding
to CV reads
an,s(s1, s2; b1, b2, b12)2[∆1 + s1 + 2b1 + b12 − 1]s1
+ an,s(s1 − 1, s2 + 1; b1, b2, b12)2[∆2 + s2 + 2b2 + b12](s2 + 1) = 0. (D.12)
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It can be used to fix the dependence of an,s on s1 for fixed b1 and b2
an,s(s1, s2; b1, b2, b12) = (−1)s2 s!
s2!s1!
(∆1 + 2b1 + b12 + s1)s2
(∆2 + 2b2 + b12)s2
an,s(s, 0; b1, b2, b12). (D.13)
Another equation, which sets the prefactor of C1 to zero reads
an,s(s1, s2; b1, b2, b12)2b1(2∆1 + 2b1 − d)
− an,s(s1, s2; b1 − 1, b2 − 1, b12 + 2)(b12 + 2)(b12 + 1)
− an,s(s1 + 1, s2 − 1; b1 − 1, b2, b12 + 1)2(s1 + 1)(b12 + 1)
+ an,s(s1, s2; b1 − 1, b2, b12 + 1)2(∆2 + s2 + 2b2 + b12)(b12 + 1) = 0. (D.14)
The third term contains an,s(s1 + 1, s2 − 1; b1 − 1, b2, b12 + 1), which can be expressed in terms
of an,s(s1, s2; b1 − 1, b2, b12 + 1) by (D.12). This results into
an,s(s1, s2; b1, b2, b12)2b1(2∆1 + 2b1 − d)
− an,s(s1, s2; b1 − 1, b2 − 1, b12 + 2)(b12 + 2)(b12 + 1)
+ an,s(s1, s2; b1 − 1, b2, b12 + 1)2(b12 + 1)(∆2 + s2 + 2b2 + b12)
× ∆1 + s+ 2b1 + b12 − 1
∆1 + s1 + 2b1 + b12 − 1 = 0, (D.15)
which relates an,s’s for the same values of arguments s1 and s2 and different values of b1, b2 and
b12. This equation together with the one obtained in a similar way for C2, namely,
an,s(s1, s2; b1, b2, b12)2b2(2∆2 + 2b2 − d)
− an,s(s1, s2; b1 − 1, b2 − 1, b12 + 2)(b12 + 2)(b12 + 1)
+ an,s(s1, s2; b1, b2 − 1, b12 + 1)2(b12 + 1)(∆1 + s1 + 2b1 + b12)
× ∆2 + s+ 2b2 + b12 − 1
∆2 + s2 + 2b2 + b12 − 1 = 0, (D.16)
defines b-dependence of an,s for fixed s1 and s2.
D.3 Determining the dependence on the wave operator
Now we will solve the recurrence equations (D.15), (D.16) with a boundary condition
an,s(s1, s2; b1, b2, b12) = 0, for b1 < 0 or b2 < 0 or b1 + b2 > n. (D.17)
More precisely, we are going to express the unknown coefficients in terms of an,s(s1, s2; 0, 0, n).
For brevity, in the following we will keep only the arguments b1 and b2 of an,s explicit.
First, we consider (D.15) for b2 = 0. Then the second term drops out due to the boundary
condition and the recurrence equation simplifies. It allows to express a(b1, 0) with arbitrary b1
in terms of a(0, 0)
a(b1, 0) = (−1)b1 n!
b1!b2!
(∆2 + s2 + n− b1)b1(∆1 + s+ n)b1
2b1(∆1 + 1− h)b1(∆1 + s1 + n)b1
a(0, 0). (D.18)
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Then we use (D.16) to specify b2-dependence in the following way. First, we express a(b1, 1)
for any b1 in terms of a(b1, 0) and a(b1 − 1, 0), which are known. Then we solve for a(b1, 2) in
terms of a(b1, 1) and a(b1−1, 1), which have been determined at the previous step. This process
can be continued to define a(b1, b2) for any b2 in terms of a(0, 0). Performing this procedure up
to b2 = 3 we conjecture
a(b1, b2) =
(
−1
2
)b1+b2 n!
b1!b2!b12!
× (∆1 + s+ n)b1(∆2 + s+ n− b1)b2
(∆1 + 1− h)b1(∆2 + 1− h)b2(∆1 + s1 + n)b1−b2(∆2 + s2 + n)b2−b1
×
b2∑
k=0
b2!
k!(b2 − k)!
(b1 − k + 1)k(∆1 + b1 − h− k + 1)k
(∆2 + s+ n− b1)k(∆1 + s+ n+ b1 − k)k a(0, 0). (D.19)
It can then be checked that (D.19) satisfies (D.15) and (D.16).
The sum appearing in (D.19) can also be rewritten as
b2∑
k=0
b2!
k!(b2 − k)!
(b1 − k + 1)k(∆1 + b1 − h− k + 1)k
(∆2 + s+ n− b1)k(∆1 + s+ n+ b1 − k)k
= 3F2(−b1,−b2,−(∆1 + b1 − h);−(∆1 + s+ n+ b1 − 1),∆2 + s+ n− b1; 1).
Unfortunately, from particular examples one can see that the hypergeometric sum entering here
cannot be factorized into a product of Pochhammer symbols.
Let us note that one can solve (D.15), (D.16) differently: first solve for a(0, b2) from (D.16)
and then define a(b1, b2) employing (D.15). This leads to
a(b1, b2) =
(
−1
2
)b1+b2 n!
b1!b2!b12!
× (∆2 + s+ n)b2(∆1 + s+ n− b2)b1
(∆1 + 1− h)b1(∆2 + 1− h)b2(∆1 + s1 + n)b1−b2(∆2 + s2 + n)b2−b1
×
b1∑
k=0
b1!
k!(b1 − k)!
(b2 − k + 1)k(∆2 + b2 − h− k + 1)k
(∆1 + s+ n− b2)k(∆2 + s+ n+ b2 − k)k a(0, 0). (D.20)
The two expressions (D.19) and (D.20) are not manifestly equal. However, from particular
cases one can see that they coincide. For example, from (D.19) one finds
a(1, 1) =
n(n− 1)
4
(∆1 + s+ n)(∆2 + s+ n− 1)
(∆1 + 1− h)(∆2 + 1− h)
(
1 +
(∆1 + 1− h)
(∆2 + s+ n− 1)(∆1 + s+ n)
)
,
(D.21)
while (D.20) entails
a(1, 1) =
n(n− 1)
4
(∆2 + s+ n)(∆1 + s+ n− 1)
(∆1 + 1− h)(∆2 + 1− h)
(
1 +
(∆2 + 1− h)
(∆1 + s+ n− 1)(∆2 + s+ n)
)
.
(D.22)
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It is not hard to check that (D.21) and (D.22) are equal, despite it is not manifest.
Eventually, combining s- and b-dependences we find as a final result
an,s(s1, s2; b1, b2, b12) =
(−1)s2+b1+b2
2b1+b2
s!
s1!s2!
(∆1 + s1 + 2b1 + b12)s2
(∆2 + 2b2 + b12)s2
× n!
b1!b2!b12!
(∆1 + s+ n)b1(∆2 + s+ n− b1)b2
(∆1 + 1− h)b1(∆2 + 1− h)b2(∆1 + s1 + n)b1−b2(∆2 + s2 + n)b2−b1
×
b2∑
k=0
b2!
k!(b2 − k)!
(b1 − k + 1)k(∆1 + b1 − h− k + 1)k
(∆2 + s+ n− b1)k(∆1 + s+ n+ b1 − k)k an,s(s, 0; 0, 0, n) , (D.23)
where an,s(s, 0; 0, 0, n) is an arbitrary factor.
E Computation of OPE coefficients
In this Appendix we use the explicit form of double trace operators O(2)n,0 to compute the 3-point
function
〈O(x)O(y)O(2)n,0(z)〉, (E.1)
where the single-trace operator O = : φaφa : is of dimension ∆ = d − 2 and the double-trace
operator O(2)n,0 is defined by (D.7) and (D.23). By the conformal symmetry the 3-point function
of these operators is fixed to be
〈O(x)O(y)O(2)n,0(z)〉 = COOO(2)n,0
(|x− y|2)n(|y − z|2)∆+n(|x− z|2)∆+n , (E.2)
where COOO(2)n,0 remains to be found. We find COOO(2)n,0 below by explicitly performing Wick
contractions.
To fix the normalisation of O(2)n,0 we compute the 2-point function
〈O(2)n,0(x)O(2)n,0(y)〉. (E.3)
Again, it is fixed by the conformal symmetry to be
〈O(2)n,0(x)O(2)n,0(y)〉 =
CO(2)n,0(|x− y|2)2∆+2n . (E.4)
After having computed both COOO(2)n,0 and CO(2)n,0 we will obtain the coefficient
c2n,0 =
1
4N2
C2OOO(2)n,0
CO(2)n,0
(E.5)
of the conformal block decomposition of 〈OOOO〉 corresponding to a conformal block with
spin zero and dimension 2∆ + 2n.
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E.1 Three-point function
Performing Wick contractions we find
1
4N2
〈O(x)O(y)O(2)n,0(z)〉
=
1
4N2
b1+b2=n∑
b1,b2=0
a(b1, b2)〈: φa(x)φa(x) : : φb(y)φb(y) :
: b1∂i(n−b1−b2)φc(z)φc(z)b2∂i(n−b1−b2)φd(z)φd(z) :〉
=
b1+b2=n∑
b1,b2=0
a(b1, b2)
(
b1∂i(n−b1−b2)[D2(x− z)]b2∂i(n−b1−b2)[D2(y − z)]
+
2
N
b1∂i(n−b1−b2)[D(x− z)D(y − z)]b2∂i(n−b1−b2)[D(x− z)D(y − z)]
+ (x↔ y)
)
, (E.6)
where
D(x− y) = 1|x− y|∆
and all differential operators act on variable z. Here we added 1/4N2 to take into account
the normalisation of O, as in (E.5). The first line on the RHS of (E.6) and its partner under
x↔ y gives the O(1) contribution to cn,0. The remaining terms produce contributions of order
O(1/N).
E.1.1 Disconnected part of the 3-point function
Let us first focus on the order O(1) contribution
b1+b2=n∑
b1,b2=0
a(b1, b2)b1∂i(n−b1−b2)[D2(x− z)]b2∂i(n−b1−b2)[D2(y − z)]. (E.7)
The general formula (E.2) requires that the result should contain (|x − y|2)n. The only way
that |x− y|2 can appear from (E.7) is when derivatives acting on D2(x− z) and D2(y− z) are
contracted with each other. Indeed, this produces (x− z) · (y − z), which in turn gives
(z − x) · (z − y) = 1
2
[
(z − x)2 + (z − y)2 − (x− y)2] . (E.8)
With this observation it is not hard to see that the only term that produces (|x−y|2)n required
by (E.2) is the one with b1 = 0 and b2 = 0. From now on we will focus only on terms that are
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capable to produce (|x− y|2)n. The remaining terms will not be written explicitly. One finds
∂i(n)
(
1
|x− z|2∆
)
∂i(n)
(
1
|y − z|2∆
)
= 2n(∆)n
(
(z − x)i(n)
|x− z|2∆+2n + . . .
)
2n(∆)n
(
(z − y)i(n)
|y − z|2∆+2n + . . .
)
= [2n(∆)n]
2
( (
(z − x) · (z − y))n
|x− z|2∆+2n|y − z|2∆+2n + . . .
)
= [2n(∆)n]
2
(
−1
2
)n
((x− y)2)n
((x− z)2)∆+2n ((y − z)2)∆+2n + . . . . (E.9)
Combining this with its (x ↔ y) partner just doubles the result. So, for the O(1) part of the
3-point function we find
1
4N2
COOO(2)n,0
= (−2)n2 [(∆)n]2 +O(1/N), (E.10)
where we also set a(0, 0) = 1.
E.1.2 Connected part of the 3-point function
Here we compute the O(1/N) part of the 3-point function (E.6). As previously, we will focus
only on terms with the highest power of (x− z) · (y − z), because this is the only way one can
produce (|x− y|2)n in the numerator. We find that
b1∂i(n−b1−b2)[D(x− z)D(y − z)]b2∂i(n−b1−b2)[D(x− z)D(y − z)]
= 2b1+b2∂i(n−b1−b2)
[
∂k(b1)
1
|x− z|∆∂k(b1)
1
|y − z|∆
]
∂i(n−b1−b2)
[
∂l(b2)
1
|x− z|∆∂l(b2)
1
|y − z|∆
]
= 2b1+b2∂i(n−b1−b2)
[[
2b1 (∆/2)b1
]2 [(z − x) · (z − y)]b1
|x− z|∆+2b1 |y − z|∆+2b1
]
× ∂i(n−b1−b2)
[[
2b2 (∆/2)b2
]2 [(z − x) · (z − y)]b2
|x− z|∆+2b2|y − z|∆+2b2
]
+ . . .
= 23(b1+b2)
[
(∆/2)b1
]2 [
(∆/2)b2
]2
[(z − x) · (z − y)]b1+b2
× ∂i(n−b1−b2)
(
1
|x− z|∆+2b1 |y − z|∆+2b1
)
∂i(n−b1−b2)
(
1
|x− z|∆+2b2|y − z|∆+2b2
)
+ . . . . (E.11)
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Let us further simplify the last line
B˜ ≡ ∂m(n−b1−b2)
(
1
|x− z|∆+2b1 |y − z|∆+2b1
)
∂m(n−b1−b2)
(
1
|x− z|∆+2b2|y − z|∆+2b2
)
=
n−b1−b2∑
t=0
(n− b1 − b2)!
t!(n− b1 − b2 − t)!∂
m(t) 1
|x− z|∆+2b1 ∂
m(n−b1−b2−t) 1
|y − z|∆+2b1
×
n−b1−b2∑
r=0
(n− b1 − b2)!
r!(n− b1 − b2 − r)!∂m(n−b1−b2−r)
1
|x− z|∆+2b1 ∂m(r)
1
|y − z|∆+2b1 .
As we are interested only in terms with the highest power of (x− z) · (y− z), from the last line
we should only keep the terms where derivatives acting on |x − z| are contracted with those
acting on |y − z|. First of all it requires that t = r. So we find
B˜ =
n−b1−b2∑
t=0
(
(n− b1 − b2)!
t!(n− b1 − b2 − t)!
)2
∂m(t)
1
|x− z|∆+2b1 ∂
m(n−b1−b2−t) 1
|y − z|∆+2b1
× ∂m(n−b1−b2−t)
1
|x− z|∆+2b1 ∂m(t)
1
|y − z|∆+2b1 + . . . .
According to our notations, in the last expression all n− b1− b2 derivatives with upper indices
and all n− b1 − b2 derivatives with lower indices are symmetrised before contraction. Keeping
only the terms that produce the highest power of (x− z) · (y − z) we obtain
B˜ =
n−b1−b2∑
t=0
(n− b1 − b2)!
t!(n− b1 − b2 − t)!∂
m(t) 1
|x− z|∆+2b1 ∂m(t)
1
|y − z|∆+2b1
×∂r(n−b1−b2−t) 1|y − z|∆+2b1 ∂r(n−b1−b2−t)
1
|x− z|∆+2b1 + . . . .
Next we proceed by evaluating the derivatives
B˜ =
n−b1−b2∑
t=0
(n− b1 − b2)!
t!(n− b1 − b2 − t)!
[
2t (∆/2 + b1)t
] [
2t (∆/2 + b2)t
]
× [2n−b1−b2−t (∆/2 + b1)n−b1−b2−t] [2n−b1−b2−t (∆/2 + b2)n−b1−b2−t]
× [(z − x) · (z − y)]
t
|x− z|∆+2b1+2t|y − z|∆+2b2+2t
[(z − x) · (z − y)]n−b1−b2−t
|x− z|∆+2n−2b1−2t|y − z|∆+2n−2b1−2t + . . .
= 4b12
b12∑
t=0
b12!
t!(b12 − t)! (∆/2 + b1)t (∆/2 + b2)t
× (∆/2 + b1)b12−t (∆/2 + b2)b12−t
[(z − x) · (z − y)]n
|x− z|2∆+2n|y − z|2∆+2n + . . . .
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Replacing (z − x) · (z − y) with (x− y)2 according to (E.8) we find
b1∂m(n−b1−b2)[D(x− z)D(y − z)]b2∂m(n−b1−b2)[D(x− z)D(y − z)]
= (−1)n2−b124b1+b2 [(∆/2)b1]2 [(∆/2)b2]2 b12∑
t=0
4b12b12!
t!(b12 − t)! (∆/2 + b1)t (∆/2 + b2)t
× (∆/2 + b1)b12−t (∆/2 + b2)b12−t
[(z − x) · (z − y)]n
|x− z|2∆+2n|y − z|2∆+2n + . . . . (E.12)
Eq. (E.12) specifies the contribution of a single term with fixed b1 and b2 to the complete
3-point function (E.6). Summing over b1 and b2 we encounter the following expression
B ≡ (−1)n
b1+b2=n∑
b1,b2=0
a(b1, b2)2
−b124b1+b2
[
(∆/2)b1
]2 [
(∆/2)b2
]2
×
b12∑
t=0
4b12b12!
t!(b12 − t)! (∆/2 + b1)t (∆/2 + b2)t (∆/2 + b1)b12−t (∆/2 + b2)b12−t ,
where a(b1, b2) is given by (D.23) for s = 0. Performing this sum with Mathematica for ∆ = d−2
and n = 0, 1, 2, 3 we conjecture that
B = 2n (∆)n (∆/2)na(0, 0).
Restoring the 2/N factor from (E.6) and adding the x↔ y piece for the complete O(1/N) part
of the 3-point function we find
1
4N2
COOO(2)n,0
=
4
N
B +O(1) = 4
N
2n (∆)n (∆/2)n +O(1), (E.13)
where we set a(0, 0) = 1.
Finally, combining with the O(1) contribution (E.10) we obtain
1
4N2
COOO(2)n,0
= 2(−2)n [(∆)n]2 + 4
N
2n (∆)n (∆/2)n. (E.14)
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E.2 Two-point function
In this Section we evaluate the O(1) part of the 2-point function (E.4). This gives
〈O(2)n,0(x)O(2)n,0(y)〉
= 〈:
b1+b2=n∑
b1,b2=0
a(b1, b2)b1∂m(n−b1−b2)φa(x)φa(x)b2∂m(n−b1−b2)φb(x)φb(x) :
b′1+b
′
2=n∑
b′1,b
′
2=0
a(b′1, b
′
2) : b1∂m(n−b1−b2)φc(y)φc(y)b2∂m(n−b1−b2)φd(y)φd(y) :〉
= 8N2
b1+b2=n∑
b1,b2=0
b′1+b
′
2=n∑
b′1,b
′
2=0
a(b1, b2)a(b
′
1, b
′
2)b1x ∂m(b12)x b
′
1
y ∂
n(b′12)
y D
2(x− y)
×b2x ∂xm(b12)b
′
2
y ∂
y
n(b′12)
D2(x− y) +O(1/N)
= 8N2
b1+b2=n∑
b1,b2=0
b′1+b
′
2=n∑
b′1,b
′
2=0
a(b1, b2)a(b
′
1, b
′
2)∂
m(b12+b′12)
x b1+b
′
1
x D
2(x− y)
× ∂xm(b12+b′12)
b2+b′2
x D
2(x− y) +O(1/N). (E.15)
Here we supplied differential operators with extra indices x and y, which specify on which
variable these differential operators act upon. Then we eliminated differential operators acting
on y using that x = y and ∂x = −∂y. For brevity, we omit the index x in computations
below.
Let us focus on one term with fixed b1, b2, b′1 and b′2. The Laplacians can be evaluated using
that
nrk = 22n(k/2− n+ 1)n(d/2− n+ k/2)nrk−2n.
We find
C˜ ≡ ∂m(b12+b′12)x b1+b
′
1
x D
2(x− y)∂xm(b12+b′12)
b2+b′2
x D
2(x− y)
= 22(b1+b
′
1+b2+b
′
2) (∆)b1+b2 (∆ + 1− d/2)b1+b2 (∆)b2+b′2 (∆ + 1− d/2)b2+b′2
× ∂m(b12+b′12)
(
1
|x− y|2∆+2b1+2b′1
)
∂m(b12+b′12)
(
1
|x− y|2∆+2b2+2b′2
)
. (E.16)
The last contraction is of the form
∂i(n)
1
r∆1
∂i(n)
1
r∆2
.
To evaluate it we use
∂j(n)
1
r∆1
=
1
r∆1+2n
[n/2]∑
m=0
n!(−1)n−m
(n− 2m)!2mm!2
n−m(∆1/2)n−mxj(n−2m)(ηjj)m. (E.17)
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Next, let us define a function χ that computes the contractions of x’s and η’s
χ(i, k, l) · (r2)l+k−i ≡ xj(l+2k−2i)(ηjj)i(ηjj)kxj(l) = (r
2)l+k−i
(2k + l − 2i+ 1)2i
×
i∑
m=0
4i−m
i!
m!(i−m)!(k − i+m+ 1)i−m(d/2 + k + l − i)i−m(l − 2m+ 1)2m. (E.18)
The last equality can be obtained, for example, from (D.3) in [75].
Let us introduce another function ψ(∆1,∆2, n)
ψ(∆1,∆2, n) ≡
[n/2]∑
m=0
n!(−1)n−m
(n− 2m)!2mm!2
n−m(∆1/2)n−m
×
[n/2]∑
k=0
n!(−1)n−k
(n− 2k)!2kk!2
n−k(∆2/2)n−kχ(m,n− 2k, k).
It is not hard to see from (E.17) and (E.18) that we introduced ψ(∆1,∆2, n) so that
∂i(n)
1
r∆1
∂i(n)
1
r∆2
= ψ(∆1,∆2, n)
1
r∆1+∆2+2n
. (E.19)
In these terms C˜ (E.16) can be rewritten as
C˜ = 22(b1+b′1+b2+b′2) (∆)b1+b2 (∆ + 1− d/2)b1+b2 (∆)b2+b′2 (∆ + 1− d/2)b2+b′2
×ψ(2∆ + 2b1 + 2b
′
1, 2∆ + 2b2 + 2b
′
2, b12 + b
′
12)
|x− y|4∆+4n . (E.20)
This formula specifies a contribution to CO(2)n,0 from a single term in (E.15) with fixed b1, b2, b
′
1
and b′2. The complete contribution requires to perform the following summation
C ≡
b1+b2=n∑
b1,b2=0
b′1+b
′
2=n∑
b′1,b
′
2=0
a(b1, b2)a(b
′
1, b
′
2)ψ(2∆ + 2b1 + 2b
′
1, 2∆ + 2b2 + 2b
′
2, b12 + b
′
12)
×22(b1+b′1+b2+b′2) (∆)b1+b2 (∆ + 1− d/2)b1+b2 (∆)b2+b′2 (∆ + 1− d/2)b2+b′2 ,
where a(b1, b2) is given by (D.23) with s = 0. Evaluating this sum with Mathematica for
n = 1, 2, 3, 4 we conjecture that
C = 22nn! [(∆)n]2 (d/2)n (2∆− d/2 + n)n(2∆− d+ 1 + n)n
[(∆− d/2 + 1)n]2
,
where a(0, 0) was set to one. Thus, the O(N2) part of the two point function is given by
CO(2)n,0
= 8N2C +O(N). (E.21)
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E.3 Conformal block coefficient
Let us summarise the results of our computation
COOO(2)n,0
= 8N2A+ 8N2 · 2
N
B,
CO(2)n,0
= 8N2C +O(N),
where
A = (−2)n [(∆)n]2 ,
B = 2n (∆)n (∆/2)n,
C = 22nn! [(∆)n]2 (d/2)n (2∆− d/2 + n)n(2∆− d+ 1 + n)n
[(∆− d/2 + 1)n]2
.
Having found the 3- and the 2-point functions (E.1), (E.3) we can extract the conformal
block coefficient cn,0 according to (E.5). The O(N) part of CO(2)n,0 , which we did not evaluate
explicitly can be extracted from the requirement that cn,0 contains only terms of orders O(1)
and O(1/N). This gives
c2n,0 = 2
A2
C
[
1 +
1
N
2B
A
]
= 2
[(∆)n]
2 [(1 + ∆− d/2)n]2
n!(d/2)n(2∆− d/2 + n)n(2∆− d+ 1 + n)n
[
1 + (−1)n 2
N
(∆/2)n
(∆)n
]
(E.22)
= 2
[(d− 2)n]2
[
(d
2
− 1)n
]2
n!(d/2)n(
3d
2
− 4 + n)n(d− 3 + n)n
[
1 + (−1)n 2
N
(d
2
− 1)n
(d− 2)n
]
,
where in the final equality we inserted ∆ = d− 2. This agrees with the result of [76] for d = 4
and ∆ = 2, as does the analogous calculation of the OPE coefficients for s fixed and n = 0, 1.
For the latter we obtain
c20,s =
[(−1)s + 1] 2s (d− 2)2s
s! (2d+ s− 5)s
1 + 4
N
Γ (s)
2sΓ
(
s
2
)
(
d
2
− 1) s
2(
d−1
2
)
s
2
(d− 2) s
2
 , (E.23)
and
c21,s =
[(−1)s + 1] 2s−2 (d− 2) (d− 2)2s+1
s!
(
s+ d
2
)
(2d+ s− 3)s
(
3d
2
− 3 + s)
1− 4
N
Γ (s)
2sΓ
(
s
2
)
(
d
2
− 1)
1+
s
2(
d−1
2
)
s
2
(d− 2)
1+
s
2
 . (E.24)
We have not displayed the lengthy derivation of the above for concision, since they were obtained
in the same way as for the s = 0, fixed n calculation above. Based on the explicit results (E.22),
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(E.23) and (E.24), a conjecture for the form for general n and s follows quite naturally:
c2n,s =
[(−1)s + 1] 2s (d
2
− 1)2
n
(d− 2)2s+n
s!n!
(
s+ d
2
)
n
(d− 3 + n)n (2d+ 2n+ s− 5)s
(
3d
2
− 4 + n+ s)
n
(E.25)
×
1 + (−1)n 4
N
Γ (s)
2sΓ
(
s
2
)
(
d
2
− 1)
n+
s
2(
d−1
2
)
s
2
(d− 2)
n+
s
2
 ,
which agrees with the results available in d = 4 [76], and for N =∞ in general dimensions [79].
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